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Enhanced Energy Harvesting
With a Piezoelectric Diatomic
Sandwich Beam Shunted to
an SECE Circuit

This study introduces a novel piezoelectric energy harvester based on a diatomic sandwich
beam structure, offering a promising solution for wireless sensors and loT nodes to operate
without chemical batteries. The dynamic model is derived using the homogenization theory
and Hamilton’s principle, with the electromechanical coupling model established via the
Lagrange equation and modal assumptions. The model is verified through finite element
analysis (FEM). The proposed sandwich beam outperforms a traditional uniform beam,
yielding a 2.67-fold increase in voltage output, a 7.14-fold increase in power output,
and a broader operational bandwidth. The effects of geometric and material parameters
on energy efficiency are analyzed to guide design optimization. Additionally, a novel equiv-
alent circuit model (ECM) for the piezoelectric diatomic sandwich beam (PDSB) is pre-
sented and integrated with a synchronized charge extraction (SECE) circuit, showing
superior power stability and efficiency compared to a resistive shunt (RS) circuit.
Finally, the PDSB shunted to the SECE circuit implemented on the printed circuit board
is experimentally tested. This study provides valuable insights for the design and analysis
of sandwich beam-based piezoelectric energy harvesters, thereby advancing their potential
for practical applications. [DOI: 10.1115/1.4070071]
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In response to the worsening energy crisis and environmental
problems, developing green and sustainable energy technologies
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has gained significant attention as a global research priority [1]. Of
the various energy harvesting technologies [2—4], those leveraging
mechanical vibrations have drawn considerable interest from aca-
demic and engineering communities due to their wide accessibility.
Vibration energy harvesters can convert vibrations or other forms
of kinetic energy into electricity [5-8], supplying power to low-
power electronics such as sensors and medical implants. Despite
significant advancements in the past two decades, current energy
harvesting technologies still face huge challenges in efficiency,
scalability, reliability, and durability. In particular, further break-
throughs are urgently needed to meet design requirements that
balance lightweight and efficient energy conversion.

Sandwich structures are extensively employed in aerospace,
civil engineering, automobile manufacturing, marine engineering,
and numerous other fields due to their excellent mechanical prop-
erties [9-12]. From the perspective of static mechanics, previous
studies have demonstrated their high load-bearing capacities,
strong resistance to local buckling, and failure mechanisms of
sandwich structures [13,14]. By employing theoretical analysis,
finite element methods (FEM), and experimental testing, research-
ers have investigated how different materials and geometric param-
eters impact the static mechanics of sandwich structures. In recent
years, in addition to static studies, researchers have also conducted
extensive research on the dynamic characteristics of sandwich
structures [15,16]. Li and Lv [17] applied the assumed modal
method to study the active vibration control of pyramid sandwich
beams with piezoelectric actuators/sensors. Zhao et al. [18]
employed the assumed modal method combined with interpolation
polynomials to analyze the free vibration of multi-span pyramid
sandwich beams. Additionally, Li et al. [19] utilized the assumed
modal method and performed vibration test experiments to
explore the dynamic characteristics of multi-layer pyramid lattice
sandwich beams.

Apart from traditional sandwich beams, metamaterial sandwich
beams have also attracted widespread attention due to their unique
mechanical properties. Zhang et al. [20] developed a pyramid sand-
wich metamaterial beam consisting of a hollow rod embedded with
spring-mass resonators. Li et al. [21] presented the design of a
single-phase super-pyramid sandwich panel based on metamaterial
concepts, featuring broadband vibration suppression characteristics
and improved load-bearing capacity. Guo et al. [22] designed an
hourglass-shaped lattice sandwich structure for electric aircraft
and evaluated the broadband low-frequency vibration reduction
performance. Yu et al. [23] proposed an hourglass-shaped diatomic
sandwich structure and conducted in-depth research on its topolog-
ical performance. Guo et al. [24] researched the band gap charac-
teristics of the hourglass-shaped diatomic sandwich beam
structure using simulation and experiments. The above-mentioned
studies primarily focused on the design methodologies and band
gap generation mechanisms of metamaterial sandwich structures
for low-frequency and broadband vibration suppression [25,26].

Although sandwich beams exhibit exceptional mechanical prop-
erties, their potential for energy harvesting remains largely under-
explored. To fill this research gap, this paper provides a pioneering
and comprehensive study, showcasing the promising potential and
advantages of sandwich beams in enhancing energy harvesting
performance. In recent years, the research on piezoelectric
energy harvesters has attracted widespread attention [27,28] as
vibration-based energy harvesters offer a promising alternative to
external power sources and provide viable solutions to energy scar-
city and pollution challenges [29-31]. Various methods for vibra-
tion energy harvesting and a lot of enhanced approaches have been
developed [32,33]. Erturk and Inman [34] derived an analytical
solution for cantilever beam-based piezoelectric harvesters and
conducted a study on the case involving an unimorph piezoelectric
patch. Subsequently, a correction factor was introduced to refine
the commonly used single-degree-of-freedom (SDOF) model,
thereby improving the accuracy of the SDOF model for both
lateral and longitudinal vibrations [35]. Xiong and Oyadiji [36]
performed an optimization for the cantilever piezoelectric vibration
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energy harvester through geometric modifications, employing a
distributed parameter model and FEM. This optimization approach
contributed to enhancing the efficiency of the piezoelectric energy
harvester.

The studies mentioned above are all based on cantilever plain
beam structures. Zhang et al. [37] introduced a multifunctional
lattice sandwich structure that integrates energy harvesting and
nonlinear vibration control, thereby expanding the application
range of metamaterial-based energy harvesters. Li et al. [38] pro-
posed a flexible piezoelectric energy harvester with a soft substrate
sandwich beam and highlighted the significance of design factors
such as substrate length and Young’s modulus. Aewzipo et al.
[39] designed a sandwich structure featuring a negative stiffness
metamaterial core with unique mechanical properties such as
shape recovery and energy absorption. These preliminary studies
have demonstrated that composite beams can benefit piezoelectric
energy harvesting performance and outperform traditional plain
beams. Compared with multi-layered composite beams, sandwich
beams have greater potential for piezoelectric energy harvesting
applications due to their exceptional mechanical properties, opti-
mized strain distribution, and high design flexibility. Sandwich
structures can not only improve energy harvesting efficiency but
also ensure system stability and durability, providing a viable solu-
tion for efficient and reliable energy harvesting. However, the
research on this topic is still in its infancy.

In addition, circuit design plays a crucial role in affecting energy
harvesting efficiency, and the integration of a piezoelectric energy
harvester with various interface circuits has been extensively
explored [40]. Lefeuvre et al. [41] first proposed the synchronous
electric charge extraction (SECE) circuit to improve electrome-
chanical conversion efficiency and address the impedance match-
ing issue. Yang and Tang [42] established an equivalent circuit
model (ECM) to integrate structural modeling with circuit simula-
tion. Fang et al. [43] designed a broadband harvester for low-
frequency rotation and presented the electromechanical model of
the harvester and its response analysis under different connections
and interface circuits. Zhang et al. [44] analyzed the energy har-
vesting performance of a piezoelectric energy harvester shunted
to four different interface circuits. Clementi et al. [45] designed
an equivalent circuit model of a dual-chip cantilever beam based
on LiNbO3 and stainless steel and characterized its vibration
energy harvesting performance. However, the mechanical struc-
tures used in the aforementioned studies are restricted to simple
cantilever beam-based piezoelectric energy harvesters, while the
integration of interface circuits with sandwich beam structures
remains entirely unexplored. Therefore, to fill this research gap,
this study, for the first time, explores the integration of a
complex diatomic sandwich structure-based energy harvester
with an SECE circuit, aiming to achieve a dual enhancement in
energy harvesting efficiency from both mechanical and electrical
design perspectives. The SECE interface circuit extracts the electri-
cal energy stored in the piezoelectric element exactly at the voltage
peak, rapidly transferring it to a storage element via an inductor.
This controlled charge extraction mitigates the impedance mis-
match problem and renders the harvested power largely indepen-
dent of load resistance. Compared with traditional resistive shunt
(RS) circuits, the SECE circuit achieves higher energy conversion
efficiency, greater voltage stability under varying load conditions,
and a broader operating bandwidth. By establishing an ECM for the
proposed piezoelectric diatomic sandwich beam (PDSB) and inte-
grating it with a self-powered SECE circuit, this study establishes a
unified framework that enables systematic co-optimization of
structural dynamics and interface electronics, paving the way for
robust and high-efficiency energy harvesting in real-world
variable-load environments.

The rest of this paper is organized as follows: Sec. 2 establishes
the mathematical model of the proposed PDSB. In Sec. 3, the FEM
results are compared with those of the theoretical model to verify
the accuracy and reliability. In addition, the impacts of geometric
and material parameters, including Young’s modulus, strut
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radius, and core layer thickness, on the energy harvesting perfor-
mance are analyzed. Section 4 examines the circuit interface char-
acteristics and constructs the ECM of the PDSB structure for the
first time, demonstrating the performance enhancement achieved
with the SECE circuit. Section 5 presents an experimental valida-
tion. Finally, conclusions are summarized in Sec. 6.

2 Theoretical Formulation

This section presents the theoretical model of the PDSB. By
applying the homogenization method, expressions for the kinetic,
potential, and piezoelectric energies stored in the structure are
derived. The electromechanically coupled dynamic equations of
the PDSB are formulated using the Lagrange equation method
and the assumed modal expansion theory.

2.1 Description of the Model. The proposed PDSB is shown
in Fig. 1. The sandwich metastructure features a periodic unit
design, where each unit consists of a sandwich base beam and
two hourglass-shaped core elements. The hourglass element is
composed of eight diagonal support struts with a radius of r; or
7>. In this paper, “diatomic” refers to the periodic alternation of
structural parameters. Specifically, the strut radii, 7, and r,, alter-
nate within the hourglass-shaped core to deliberately introduce
impedance mismatch, thereby enabling vibration control. Although
this arrangement can yield Bragg-type band gap properties similar
to those found in phononic crystal structures [23-26], the present
work focuses on investigating the vibration energy harvesting per-
formance, rather than on wide bandgap engineering. Notably, the
PDSB structure possesses a continuous geometry and single-phase
material composition, thereby avoiding any special manufacturing
requirements. The length and width of the substrate beams are
denoted by L and b, respectively, and the length of the piezoelectric
patch is L,.

In developing the electromechanical model of the PDSB, the
assumption of linear small deformations is adopted to characterize
the elastic behavior. The following considerations are based on the
distinctive properties of the substrate:

(a) Given the thinness of the top and bottom layers and the pie-
zoelectric layer bonded on top, the normal stress in the thick-
ness direction is deemed negligible.

(b) The velocity remains constant throughout the thickness of
the surface layers, enabling the motion of the core layer to
represent the beam’s overall dynamic behavior.

(c) The deformations of the top and bottom beams, as well as
the core layer, are decoupled in the thickness direction,
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Periodic PDSB structure with piezoelectric patch

considering the significant disparity in their Young’s
moduli. The line perpendicular to the neutral axis is
divided into three distinct segments upon deformation.
The shear deformations of the top and bottom beams and
the piezoelectric layer are negligible. The core layer’s
shear deformation is assumed to be linear, given that the
core is much thicker and more flexible than other layers.

(d) The layers are assumed to be ideally bonded, with the adhe-
sive mass neglected.

Figure 2 illustrates the hourglass-shaped lattice unit of the sand-
wich beam, where f and / denote the inclination angle and length of
the struts, respectively. The thicknesses of the top, bottom, core,
and piezoelectric layers are represented by 4, h,, h., and h,, respec-
tively. The lattice constant can be calculated as L.=4lcosf. The
entire sandwich beam structure is made of the same material
with a density of ps and the hourglass lattice truss core is
modeled as a homogeneous soft material with equivalent densities

Pi 2ar;

== TJ  (j=1,2). Similarly, th ivalent sh
o blcosﬂsinﬁ(] ). Similarly, the equivalent shear

Pi
modulus is expressed as G; =%Esin2 2, where E is Young’s

modulus. Under base excitation, the PDSB undergoes vibration,
and the dynamic strain induced in the piezoelectric material gener-
ates an electrical charge, which is subsequently dissipated across a
resistor. The base excitation applied to the PDSB is described as

We(x, 1) = g() + x04(0), &)

where g(¢) and 6,(¢) represent the transverse displacement and rota-
tion of the base, respectively.

Thus, the absolute displacement of the PDSB along the vertical
axis is expressed by

wa(x, 1) =w(x, 1) + we(x, 1), 2)

Top beam

Bottom beam f—

Fig. 2 Hourglass-shaped lattice unit of the sandwich beam
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Fig. 3 Deformation diagram of a differential element in the
sandwich beam

where w(x,t) represents the transverse displacement of the core
layer at position x and time ¢, relative to the moving base.

2.2 Energies in the PDSB. Figure 3 presents a schematic of
the structural bending deformation of a differential element
derived from the assumptions outlined previously. From the geo-
metric relationships depicted in Fig. 3, the displacement at any
point of the PDSB is expressed as follows [46]:

” —h—a (O—h—)% Wi =w, Ga)
ui = —209’ Wl‘ =W, (3b)
h. h. 0wy _
Mh—Ee—(Zo-i-?)g, Wp =W, (o)
h. Ow
up———é’ (0—5 Tp Wp =W, (3d)

where z denotes the transverse coordinate axis of the PDSB, 6 rep-
resents the rotation angle of the core layer under shear deformation,
and ow/ox corresponds to the rotation angle of the top and bottom
beams under bending deformation. The displacement of the PDSB
in the z-axis direction is denoted by w, while the axial displace-
ments of the top beam, core layer, bottom beam, and piezoelectric
layer are denoted by u,, u. (i =1, 2), up, and u,,. Similarly, the trans-
verse displacements of the top, core, bottom, and piezoelectric
layers are denoted by w,, wr, wy, and w,, respectively.

The strain—displacement relationship of the PDSB structure is
expressed as follows:

he 66 he 8w
Stx__ia_(z()_?)@’ (4a)
=0+ w. (4b)

< Ox
he 66 he 8w

Epx 7&—(104'?)@, (4c)

he 00 he 8w
€px=—?a——(20—?)025 (4d)

where the strains along the x-axis for the top and bottom layers are
denoted by ¢, and ¢,,, respectively. The shear strain of the core
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layer is represented by 71> and the strain along the x-axis for the
piezoelectric layer is denoted by &,,,.
The stress-strain relationship can be expressed as

he 06 he\ &*w

O = E( 567 (ZO - ?) @) (5a)
: 0

¢.=G (—9 + a_:) (5b)

he 00 he\ &w

=E( - =)= ). 5

o (2 ox <ZO+2)6x2> (5)
Opx = Epgpx —e3kEy, (Sd)

where o, and oy, represent the stresses along the x-axis in the top
and bottom layers, respectively. The shear stress in the core layer is
denoted by 7¢., (i=1, 2), and the stress in the piezoelectric layer is
denoted by o,,,.

The electric field E, is related to the output voltage v(z) by the
equation E; =—v(t)/h,. For the piezoelectric layer, the Young’s
modulus is denoted by E,, the piezoelectric constant by e3;, and
the dielectric constant by 33.

The kinetic energy in the PDSB is expressed as

1 i
T= jpf«u,)%(wu) v, + zj P + (bP)dVe

(6

l\)l>—‘ NI’—‘

1
jy P((ip)” + Gip)*)dV), + 2j P, ((itp)* + (4p)*)d V),

7

where V,, V., and V,, represent the volumes of the top, core, bottom,
and piezoelectric layers, respectively. Since the core layer of the
sandwich beam is composed of trusses with varying radii, the
kinetic energy of the core layer is calculated using a piecewise inte-
gration method as follows:

T.= %L_pf«ui)z +0be)P)dV.
= by ,hijL@e)deb ‘hj @fﬁgj‘) dx
[ () e ) -
L
of (G o] G+ )
J Ps at+5wc> dx +--~+r (%v:+6;vtc> dx)

@)
The potential energy in the PDSB can be expressed as
1 1 ; 1
U=5| outadVit | TutedVe+ 5| omendVs
v Ve Vb
1
+ 3 O px€pxdVy. (8)

),
7
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Similarly, the potential energy of the core layer can be calculated
using the piecewise integration method, as given below:

1
U= EJ.VL cxgyuc*dv
L 2
=Gibhcj (a—w— ) dx
o\ Ox
L 2 2 (
= bh, G, a—W—H dx + Gz a—W—H dx
0 Ox L Ox
Lao 2 2
+~«+J Gz<—w— )dx
Ly Ox

The electrical energy stored within the piezoelectric layer is
expressed as

9)

1
W, =Ej E1(631£,,+£‘33E1)dv,,
” (10)

1 2
)dx+ C,v* (1)

L
. 00 o“w
=§j0 < ,,1\/(1‘) +J,,2V(t)
where C, = £33bL,/h, is the internal capacitance of the piezoelectric
layer, the expressions for the coefficients J,; and J,,, can be found
in Appendix A.

2.3 Discretization of Energy Equations. The two compo-
nents of the vibration response are expanded into a finite series
of modal functions. For simplicity, it is assumed that the number
of modal functions is identical for both components.

N
wix, ) =Y ai(g;(x) =" (a(), (I1a)
Jj=1

N
00, )= cj(tm(x) =" (X)e(), (11b)
=1
where 7;(x) and ¢;(x) represent the modal shape functions that
satisfy the boundary conditions, and a;() and c¢(¢) denote the
unknown generalized coordinates. N refers to the number of
modal shape functions used in the calculation.
The assumed mode for the n-order of a cantilever sandwich
beam is given by:

#,(x) = cosh(k, %) ~cos(k, %)
1,00 = sinh (k, 7) +sin(k, 7)

where the values of k,, for the first three modes of a cantilever sand-
wich beam are 1.875, 4.694, and 7.855, respectively [47,48]. For
modes beyond the third (n > 3), k,, can be expressed as (n—0.5) x .

By substituting Egs. (11a) and (11b) into Egs. (7), (8), and (10),
the energies within the PDSB in the kinetic, potential, and electric
forms can be discretized as follows:

1 N N
Ti=5 Z Z [@j(Dae(OmSg + Ei(Oc(OmSy — 2a;(0)¢;(HmS]
1t ow.\?
+ = ZZG;(“)P/ j g11(6w> dx, (13a)
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1 N
=5 Z [aj(Dac (kS + it (DK, — 2a;(t)c; (k]

(WO — 4O, (13b)

e
e

- 1
We=> X,: @GOV + OV + 5 Cv (D), (13¢)

where the expressions for ¢ and p can be found in Appendix A.
Hamilton’s principle was then applied to derive the motion gov-
erning equations of the diatomic sandwich beam as

JZ[(‘}(T— U) +6Wldt =0, (14)

n

where 6W is the virtual work induced by the external force, T is the
kinetic energy and U is the strain energy in the diatomic sandwich
beam. The virtual work is given as

SW = F16wl,_,, = sin (@D)dw, (15)

=X0°

where F, refers to the external force applied at the position of xy on
the diatomic sandwich beam, and f and w represent its amplitude
and frequency, respectively.

Substituting Egs. (6), (8), (11a), (11b), and (15) into Eq. (14),
with the piezoelectric term in Egs. (6) and (8) being temporarily
omitted, the motion equation for the diatomic sandwich beam is
obtained as follows:

MX(r) + CX(r) + KX(7) = F, (16)

where C is the Rayleigh damping matrix, M is the mass matrix,
and K is the stiffness matrix. The generalized coordinate vector
X(0) = [a;(0), cj(t)]T represents the transverse displacement and
rotation angle, with further details provided in Appendix A.

2.4 Electromechanical Equations. Using Lagrange’s equa-
tion, one can derive the governing equations of the PDSB [49]

d [ oT, oT, U, ow, ~
di <adf'(’)) e dan 0 (17a)
d ( oT, oTy U, ow, ~
dt (66"1‘(1‘)) B Ocj(t) + aci(h) - aci(0) =0, (17b)
d aTl aTl aUl ow.
di (5"’/'0)) ovi(0) * vt 6vj(z) =0, (17¢)

wherej=1,2, ..., N, and Q(¢) represents the charge accumulated in
the internal capacitance of the piezoelectric layer. According to the
relationships between charge, current, and voltage, one obtains:

o0 =", (18)

Substituting Eqs. (13a)—(13c) into Eqs. (17a)—(17¢) yields

N

> o

J

N
> o
J

(z)+m“C (t)+k““ (t)+k”%](t))+§“v(t) =fi, (19a)

a1 + m“c](t) + k‘“a](t) + k“c,(z)) + { v(t)=0, (19b)
Coo(t) + — + Z (GFa;()+Ei¢(1) = (19¢)
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where f; is the force component generated by the base excitation.
Furthermore, Egs. (19a)—(19¢) can be expressed in matrix form as

M) + meé(r) + k™a() + kc(r) + (@) =1, (20a)
MTa®f) + meér) + k) a(t) + ke + () =0, (20b)

Cov(0) + % + @& ait) + )¢ =0, (20c)

where

{ a=[ay, a, ayl’, c=[c, c2, onl’ L= fi, fou A1 1)

§ =11, 65, Gl 6 = 148, 65, Rl

Equations (20a)—(20c) can be further rewritten as:
m% m9 a(t) N k%@ | a([)
@ me L& |7 k| e

+|:§j]v(t)=|:£]. (22)

Typically, Rayleigh damping is used to characterize the energy
dissipation in the structure, and its expression is given by:

Clll,l C(lL' mau m[l(,‘ kﬂ(l kaC
|:(Cac)T Cee j| = (l|: (maC)T me¢ i| + ﬂ|: (kac‘)T k< ] (23)
Specifically, @ and ff represent the mass and stiffness proportional
damping coefficients in the Rayleigh damping model. Their values
were determined by matching the target modal damping ratios for
the first and second vibration modes of the PDSB, following the

relations: o = 2601602(521 [ —2 &SHwoy) . p= 2(522 - 6;).

w; — Wi w; — W]
Where o, and w, are the natural angular frequencies of the first
and second modes, and &; and &, are the corresponding damping
ratios. In our simulations, we set &, =&, =1%.

Thus, Eq. (22) can be expanded as
m% m< a(r) N ca ¢ a()
(maC)T m<¢ C([) (c(l(,‘)T cce C(l)
| R | a(t) Ca _ f
X [(ku(')T k¢ ] |:C([) ] + |:€c ]V(t) - |:0:|’ (24)

It is worth noting that the submatrices for mass, stiffness and
damping are all N x N matrices.

standard

2.5 Frequency-Domain Response. This section considers
harmonic excitation for frequency-domain analysis, while the
general time-domain equations (Eq. (24)) remain applicable to an
arbitrary base excitation g(¢) and €,(¢) and can be solved numeri-
cally. For harmonic analysis, the base excitation can be expressed
in the following form:

we(x, 1) = Woel® + Gpe’™, (25)
The external excitation f; can be expressed as
Ji = Fjsin(wt), (26)
where
L, L,
F;= (Woj ngl (pj(x)dx + HOJ ngl (/)j(x)xdx)wz. 27)
0 0

The general solutions for the generalized coordinates and
voltage output are assumed as

a=Ae/ ¢c=Cel™, v=Vel™, (28)

where A, C, and V are complex vectors/numbers.
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The voltage V can be represented by A and C by solving
Eq. (20c¢):

. a . . 1. _
V=jol&)" A+ &) Cl(joC, + ) ' (29)
or alternatively,

. 1
v=1[EH"a0 + €)' e1(jwC, + ? )7 (30)

Multiplying both sides of Eq. (3) by an identical column vector
gives:

a I sa .
[ Jro= (o) [ Jror o)
(wep) [E 22 ][k) -
R} L@ @)’ JLew
By substituting Eqs. (28)—(31) into Eq. (24), we obtain:
a¢aa\T ac ( aac\T
[(gic(er)M) g ][‘é] - [5] (32)
The specific expression for the mechanical impedance matrix is

provided in Appendix B. The generalized coordinates can then be
derived by solving Eq. (32).

-1
Al_[ee &% ] [F]
= C (A0 C(AC ‘ (33)
[C} [G(Q g ] Lo
Finally, the electromechanical coupling equations are estab-
lished as follows:

M;X(® + C¥() + Ki X(®) + [E ]v(t) =f, (34)
. v(t) aNT cNT 1y _
Cov(®) + =T [E)", &) X =0, (35)

where C represents the Rayleigh damping matrix, M; and K; are
the mass and stiffness matrices of the PDSB, with their detailed
expressions provided in Appendix C. The voltage generated by
the piezoelectric patch can be derived by solving Egs. (34) and
(35) simultaneously.

3 Numerical Results and Discussions

In this section, simulations are performed to systematically
investigate the dynamics and energy harvesting characteristics of
the PDSB. The finite element (FE) simulation results are compared
with the theoretical predictions to verify the accuracy and reliabil-
ity of the developed theoretical model. In addition, the effects of
geometric and material parameters, such as Young’s modulus,
strut radii, layer thickness, etc., on the structural dynamics and
energy harvesting performance are discussed to provide insights
for optimization.

3.1 Model Verification. The natural frequencies of the PDSB
under the clamped-free boundary condition were calculated using
comsoL Multiphysics software. The geometric and material param-
eters of the PDSB under investigation are listed in Table 1.

The first five natural frequencies of the PDSB, with the param-
eters listed in Table 1, were also calculated using the proposed
method and compared with the FE results, as listed in Table 2.
The relative errors between the two results were found to be
acceptably within 5%. It is worth mentioning that the model exam-
ined here corresponds to the PDSB without the piezoelectric
material.

Transactions of the ASME

9z0z Asenuer g0 uo Jasn noyzbuens)ABojouyoa] pue adusiog Jo Ausianiun Buoy BuoH ayl Aq ipd-GLzL-GZ-AIN8Z .S ./Z101L L0/ L/8Y L/spd-a1o1E/sonsnooeuoeIqIA/BI0 awse uojoa|j0oe)Bipawse//:djy wouy papeojumoq



Table 1 Geometric and material parameters of the proposed
PDSB [50]

Symbol Value Unit
L 2 m

E 200 Gpa
E, 66 Gpa
b 0.05 m
hy 0.01 m
he 0.05 m

r 0.005 m
I 0.003 m
L, 0.2 m
hy 0.002 m
Pp 7500 kg/m®
pr 7850 kg/m’
R 1x 106 Q
s —12.54 Cm™
£33 15.93 nFm™

Table 2 First five natural frequencies (Hz) of the cantilevered
PDSB

Modes FEM Present method Relative error (%)
1 19.255 18.585 3.47
2 108.33 110.30 1.78
3 266.19 286.63 2.55
4 451.99 44221 2.16
5 650.32 639.93 1.59

Table 3 Convergence analysis for the modal order (unit: Hz)

Modes 1 2 3 6
First natural frequency 18.742 18.582 18.585 18.585
Voltage output 12.885 12.754 12.734 12.732

To determine the appropriate number of mode shapes and elec-
tromechanical coupling modes, a convergence verification study
was conducted, with the results listed in Table 3. The results
show that the structural natural frequency and voltage output con-
verge when the first three mode shapes are considered. Therefore,
the first three mode shapes will be included in the calculation in
subsequent studies.

Figures 4 and 5 demonstrate the first four mode shapes of the
PDSB, calculated using FE simulation and the proposed theoretical
method, respectively. The good agreement between the theoretical

(@) m

B o

(©)

= ;_

Transverse shape functions

-1 - ——First mode ) PN E Al
= = Second mode k :
==+=s2- Thrid mode o’
====Fourth mode

-1.5 -

al s i o’ 1 s I s I L 1
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

Fig. 5 The first four modes of the PDSB obtained by the devel-
oped theoretical method

predictions and FE results confirms the accuracy of the developed
theoretical model.

3.2 Energy Harvesting Performance Evaluation. This
section analyzes the energy harvesting performance of the PDSB.
Prior to this, a convergence analysis of the dynamic characteristics
of its homogenized FE model, as shown in Fig. 6, was conducted.
In the corresponding homogenized FE model, the core layer is
modeled as an equivalent homogeneous soft medium to better
align with the theoretical model. Table 4 clearly shows that refining
the mesh by increasing the number of elements leads to conver-
gence of the first two natural frequencies. Therefore, a 40x4
mesh model was used in the FE modeling of the PDSB.

Figure 7 illustrates the displacement and voltage responses of the
PDSB under an external excitation with a force of 1 N. As shown in
Figs. 7(a) and 7(b), the maximum relative errors between theoret-
ical and FE results for the resonant frequency and voltage ampli-
tude were 3.47% and 0.39%, respectively, within the acceptable
error margin from an engineering perspective. The discrepancy pri-
marily stems from the homogenization of the core layer, which
simplifies the hourglass-shaped core structure [18,19]. Neverthe-
less, the results have basically proven the accuracy of the theoret-
ical model in predicting the energy harvesting performance of the
PDSB.

To verify the superior energy harvesting performance of the
PDSB structure, a comparison with a traditional piezoelectric
uniform beam was conducted, with the results shown in Fig. 8. It
is worth mentioning that the length and width of the uniform
beam were intentionally tuned to be the same as those of the
PDSB, while its thickness was set to 0.09 m to make sure it has

e e e

(d)

Fig.4 The first four modes of the PDSB obtained by FE simulation: (a) the first-mode shape; (b) the second-mode shape; (c) the

third-mode shape; and (d) the fourth-mode shape
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Piezoelectric Material
Top Beam

Core’l Core 2 potom Beam

Fig. 6 Homogenized finite element model of the PDSB

Table 4 Mesh convergence analysis for the homogenized FE (¢ same equivalent bending stiffness as well [51]. As illustrated in
model of the PDSB Fig. 8(a), the voltage output of the PDSB is 2.67 times higher than
that of the uniform beam, and it exhibits a wider operation band-
width, showing higher efficiency and adaptability for energy har-
First natural frequency 19.256 19.255 19.255 19255  Vvesting. Additionally, the power output qf the PDSB signiﬁcgntly
Second natural frequency  108.35 108.34 108.33 108.33  outperforms that of the uniform beam, with a capacity 7.14 times
greater, as shown in Fig. 8(b). In summary, the PDSB exhibits

Meshing 10x4 20x4 30x4 40x4

(a) (b)
1.5 T 14 y
Theoretical model Theoretical model
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Fig. 7 (a) Displacement response; (b) voltage output of the PDSB calculated by the theory and FEM
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Fig. 8 Comparison of the energy harvesting performance between the PDSB and a uniform beam with identical length, width,
and bending stiffness: (a) voltage output; (b) power output
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superior performance over a uniform piezoelectric beam in terms
of the open-circuit voltage, power, and operational bandwidth. In
particular, its broadband characteristic makes it suitable for
energy harvesting in practical scenarios where frequency fluctua-
tions are common.

3.3 Effects of Geometric and Material Parameters. This
section provides a detailed analysis of the effects of various param-
eters on the voltage and power outputs of the PDSB using the the-
oretical model. For simplicity, when one parameter is varied, the
others remain constant. Figure 9 shows the voltage output of the
PDSB with different Young’s modulus E (100 GPa, 200 GPa,
300 GPa, and 450 GPa). It can be observed that with the increase
of E, the structural resonant frequency increases, while the
voltage output decreases. This is because an increase in Young’s
modulus enhances the structural stiffness, thereby increasing the
resonant frequency. On the other hand, since the output voltage
is proportional to strain, the reduced strain in materials with a
larger Young’s modulus results in a lower output voltage.

Figure 10 shows that increasing r, causes the PDSB resonant fre-
quency to decrease. This is due to the fact that in complex struc-
tures such as sandwich beams, the mass increase resulting from
changes in the radius has a more complicated effect on the
overall dynamic characteristics [52]. Rather than simply increasing
stiffness, the mass redistribution and the updated coupling between
model components lead to a reduction in the natural frequency,
reflecting a dynamic tradeoff between stiffness and mass. It is
worth noting that the change in r, has little effect on the
maximum output voltage amplitude.

Figure 11 demonstrates that as /. increases from 30 mm to
60 mm, the resonant frequency gradually increases from
13.23 Hz to 21.31 Hz. This is because the increase in thickness
alters the equivalent stiffness and mass distribution. A thicker
core layer significantly enhances the bending stiffness of the
beam, thereby increasing the natural frequency of the PDSB. The
peak open-circuit voltage decreases slowly with the increase of
h. (from 13.36 V at 30 mm to 12.57 V at 60 mm). This is due to
the fact that as A, increases, the total strain energy of the PDSB
gets more concentrated in the core layer, and the strain in the pie-
zoelectric layer decreases, thus the voltage output induced by the
piezoelectric effect decreases. The above results suggest that soft
materials with lower stiffness should be selected for the core to
maximize the voltage output of the PDSB.

Figure 12 shows that if the thicknesses of the top and bottom
layers, i.e., h, and h,, are the same and increase simultaneously,
the resonant frequency of the PDSB increases significantly. In
the meantime, the output voltage drops rapidly. When the

ls e —e- =y e —
—— E=100GPa
16 = = E=200GPa
-------- E=300 GPa
14 —-== E=450 GPa {

Voltage (V)

35

Frequency (Hz)

Fig. 9 Effect of E on the output voltage of the PDSB
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Frequency (Hz)

Fig. 10 Effect of r; and r, on voltage output of the PDSB

thicknesses of the top and bottom layers are different, the output
voltage rapidly decreases with the increase of the A, and slowly
decreases with the increase of h,. This phenomenon results from
the asymmetry of the structure of the PDSB [53]. Overall,
varying the thicknesses of the top and bottom layers provides
greater flexibility in the design of the PDSB.

Figure 13 shows the voltage output of the PDSB when using
materials with different densities. The density of common plastics
and rubbers ranges between 800 kg/m® and 1500 kg/m>, while
some metal materials have densities between 7000 kg/m® and
8000 kg/m3 . The results reveal that when the structural material
is plastic and rubber with a low mass density, the equivalent
density of the core layer differs significantly compared to metal
materials with high densities. This difference has a great impact
on the energy harvesting performance. Counterintuitively,
PDSBs with core layers made of soft plastics or rubbers require
higher frequencies to achieve resonance, causing energy to distri-
bute over a broader frequency range, which results in a lower
voltage peak. In contrast, using metals can achieve resonance at
low frequencies, concentrating energy in a narrower frequency
range, which leads to a higher output voltage peak.

3.4 Effect of Load Resistance. This section explores the
effect of the load resistor R on the energy harvesting performance
of the PDSB. Except for the load resistor R, other system parame-
ters remain the same as those listed in Table 1. Figure 14 shows that

— h =30 mm
. ©
-=__ ........ h =40 mm |
- ¢
£ - = h=50mm
—==- h =60 mm
=
-
-
w
a0
]
c
-
.\‘
"
e
.....
21 25

Frequency (Hz)

Fig. 11 Effect of h; on voltage output of the PDSB
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Fig. 12 Effect of different h; and h,, thicknesses on the voltage
output of the PDSB

changing R will affect the voltage and power outputs of the PDSB.
The outputs reach peak values at the PDSB resonant frequency of
18.73 Hz, reflecting the inherent vibration characteristics, with the
frequency response exhibiting evident narrow-band behavior. In
Fig. 14(a), one notes that as R increases, the output voltage peak
gradually rises, eventually saturating and approaching the open-
circuit voltage amplitude. In Fig. 14(b), when R is tuned to the
optimal, the energy harvester efficiency is maximized, and the
power output attains the maximum.

Figure 15 shows the variation of the power output with different
R at a frequency of 18.73 Hz. As R increases, the power output first
increases and then decreases, with a maximum power of 0.744 mW
obtained at approximately 100 k. Therefore, to maximize the
power output, the optimal load resistance must be selected accord-
ing to the impedance matching theory. To further evaluate the per-
formance of the PDSB under different external excitations,
additional power output analyses are performed using the
optimal load resistance. The results are shown in Fig. 16. The gen-
erated power is 0.744 mW, 3.01 mW, and 6.79 mW for external
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Fig. 13 Effect of material density on output voltage of the PDSB: (a) soft plastic and rubber materials; (b) metal materials
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Fig. 14 Effect of resistive load on (a) output voltage; (b) power output
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Fig. 15 Power output at the frequency of 18.73 Hz for different
load resistances

excitations of 1 N, 2 N, and 3 N, respectively. The PDSB uses the
piezoelectric effect to convert mechanical energy into electricity,
and the power output is positively correlated with the applied exci-
tation force. Therefore, as the applied force increases, the power
output also rises.

4 Interface Circuit Analysis

This section introduces the equivalent circuit model (ECM) of
the PDSB, along with a more advanced SECE circuit designed to
enhance efficiency. The traditional RS circuit serves as a bench-
mark for comparison. The SECE circuit demonstrated in this
section offers superior efficiency and stability across a wide imped-
ance range, significantly boosting both power output and voltage
stability.

4.1 Equivalent Circuit Model of PDSB. The governing
equations of the PDSB in Egs. (34) and (35) are first converted
into modal form as [44]

G, () + 28,@,0,(8) + @2 g () + e,9(1) = [, (36)
C‘(t)+@+XN: g, =0 37
pV R - Enqy\l) =V,

where the over-dot indicates the time derivative, £, and w,, are the
modal damping ratio and the natural frequency under open-circuit
conditions of the n-order vibration mode, respectively, and ¢, is the
modal electromechanical coupling coefficient. Equations (36) and

7 T T T
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Fig. 16 Power output of the PDSB under different base excita-
tions of 1N, 2N, and 3 N, with R=100 k
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Table 5 Analogies between mechanical and electrical

quantities [40]

Mechanical Electrical

qn(t) Charge, O,

dg,(t)/dt Current, I,

Modal mass, 1 Inductance, L,
28,0, Resistance, R,

Vw,* Capacitance, C,

fu Voltage source, V

£, Transformer ratio, T,

(37) can be rewritten in matrix and vector form as

ki HE R B P R

where M, is the N x N identity matrix, q =[g1, g2, ..., g.]"» C1 =2 %

diag(glwl’ 526023 ceey inwn)9 K2 = dlag(w%’ w%s LR wnz)s €n= [Elv €2,
el fa= Lfi: /2 oo es fn]T. The initial conditions are set as follows
.0 =0, ¢,00)=0, »0)=0. (39

Table 5 illustrates the analogies between the mechanical and
electrical quantities, allowing the governing equations of the
system (Egs. (34) and (35)) to be transformed into the form of
circuit governing equations. Figure 17 presents the established
ECM of the PDSB connected to a simple load resistor. This
circuit model can be easily implemented in any circuit simula-
tion software, such as SIMetrix. The load resistance can be
replaced with any other complicated shunt circuit, facilitating a
comprehensive evaluation of the PDSB’s energy harvesting
performance.

The equivalent circuit model shown in Fig. 17 consists of six
independent loops, each representing a vibration mode of the
PDSB. The corresponding equivalent electrical parameters are
listed in Table 6. To verify the ECM, circuit simulations were con-
ducted, and the results were compared with the theoretical results,
as shown in Fig. 18 for a purely resistive load of R = 1000 k€. The
results demonstrate excellent consistency. In the following section,
the ECM is shunted to an advanced SECE circuit, and a system-
level analysis of the energy harvesting performance of the PDSB
is performed.

4.2 SECE Control Strategy. Improving the power output of
an energy harvester can be achieved not only through structural
optimization but also by utilizing advanced power-boosting inter-
face circuits [44,54,55]. Among these, the SECE circuit is one of
the most widely used, and its schematic is shown in Fig. 19. To
focus on the SECE circuit, the energy harvester is represented as
a current source for simplicity. Switch §; remains open until the
voltage V, across the piezoelectric transducer reaches its peak.
At that instant, switch §; immediately closes, transferring the
energy stored in capacitor C; to inductor L;. Once the first phase
of transfer is complete, the switch reopens, and the energy in L,
begins to be transferred to capacitor C,, initiating the second
phase of transfer. This process then repeats cyclically. Numerous
studies have demonstrated that this circuit can effectively
improve energy conversion efficiency, boost power output, and
resolve resistance-matching issues [56,57].

Similarly, Fig. 20 shows a self-powered SECE (SP-SECE) circuit
for a piezoelectric energy harvesting (PEH). Before the PEH’s
voltage output reaches its peak, the rectified current charges capac-
itor C». During this period, both transistors Q; and Q, remain non-
conducting. When the voltage across C; reaches its peak, the
voltage across C, exceeds that across C;, causing reverse current
to flow into the emitter of Q;. This triggers both transistors (Q,
and Q) to turn on, transferring the energy stored in C; to inductor
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Fig. 17 Circuit representation of the PDSB connected to a resistive shunt (RS) circuit

Table 6 Equivalent electrical parameters of the first six modes
of the PDSB

n L, (H) G (F) R, (Q) T, v

1 1 13,886.13 4.712 625 0.3607
2 1 4,91,354.11 28.03 133.33 —0.3634
3 1 33,98,742.33 73.74 69.9301 -0.3513
4 1 138,59,22,615.39 1489.1 34.4828 —0.0049
5 1 151,64,90,664.99 1557.7 10.1112 —0.0038
6 1 178,55,73,882.46 1690.2 4.3917 —0.0295

L,. After the energy transfer is complete, the transistors automati-
cally turn off, and L; begins to supply power to capacitor C3 and
load R,. In the following study, the PEH is replaced by the ECM
of the PDSB to verify the improvements in the output power and
energy efficiency brought by the SECE circuit.

4.3 SECE Circuit Integration. The circuit model of the
system was established in SIMetrix, including the SECE circuit,
as shown in Fig. 21. It mainly consists of three parts: the ECM
of the PDSB, the piezoelectric transducer, and the SECE circuit.
The ECM of the PDSB is represented by multiple independent
circuit loops on the left-hand side. The piezoelectric transducer is
equivalent to the combination of a series of transformers and an
internal capacitance. The SECE circuit is implemented using a self-
powered strategy. It uses an electronic circuit breaker composed of

011012-12 / Vol. 148, FEBRUARY 2026

an envelope detector and a comparator. In the simulation, all diodes
(D to Dg) were modeled as ideal components, and transistors Q;
and O, use the 2N2904 and 2N2222 models provided in SIMetrix’s
built-in library, respectively. An inductor of 470 uH was selected to
form an LC oscillation with the piezoelectric capacitor (79.65 nF)
for instantaneous energy extraction. The values of Cg and R are set
to 2 nF and 100 kQ, respectively.

To analyze the energy harvesting performance of RS and SECE
circuits, the voltage and power outputs of both circuits are com-
pared in Fig. 22. Notably, the RMS value of power is used for
this analysis. Figure 22(a) shows that as resistance increases, the
voltage growth of the RS circuit becomes less pronounced,
showing a trend toward saturation. Compared to the RS circuit,
the voltage output of the SECE circuit can rise to a much higher
level, implying superior efficiency, even under large load condi-
tions. As shown in Fig. 22(b), the SECE circuit delivers a higher
and more stable RMS power output than the RS circuit across
the entire resistance range. The RMS power of the RS circuit
reaches the peak at a resistance of 100 kQ and then decreases as
the resistance further increases. Due to its load-independent
nature, the SECE circuit is particularly well-suited for practical
applications with time-varying loads.

5 Experimental Validation

To validate the enhanced performance and load independence
characteristics of the SP-SECE circuit, we experimentally evalu-
ated a prototyped PDSB shunted to an SP-SECE circuit imple-
mented on a printed circuit board (PCB).
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Fig. 18 Comparison of the theoretical model and ECM: (a) output voltage; (b) time-domain response curve at

Fig. 19 Schematic of the SECE circuit

Figure 23 presents the experimental platform used to evaluate
the SP-SECE circuit. The prototyped PDSB is mounted on a
shaker (Econ©, EDS, China). Due to the structural complexity
and brittleness of the resin, the left end of the PDSB is rigidly
fixed to minimize deformation caused by gravity or bolt
preload. The material properties and structural specifications are
listed in Table 7. A piezoelectric patch (PZT-5H) with an internal
capacitance of 147.2 nF is bonded at the beam root. The system
exhibits a resonant frequency of 37.5 Hz. Excitation is applied
via a power amplifier (Econ©, VSA-H102A) driving the shaker,

b) 20
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=sseres HONT
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=
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-

_20 i Il 1 Il
2.00 225 2.50 275 3.00
Time (s)
=18.73 Hz

while a vibration controller (Econ©, VT-9002) regulates the
applied acceleration based on feedback from an accelerometer
(Econ©, EV4100). The working waveforms of the SP-SECE
circuit are captured and analyzed using an oscilloscope (KEY-
SIGHT©, DSOX4104A).

Figure 24 shows the open-circuit voltage time responses of the
SECE and RS circuits under 37.5 Hz and 1 g excitation. The exper-
imental waveforms in Fig. 24(a) illustrate that the SP-SECE circuit
successfully performs synchronous switching actions near the
voltage peaks. A slight phase lag between the peak voltage and
the switching instants is attributed to parasitic effects in the
SP-SECE circuit. In addition, the voltage amplitude is amplified
by the SP-SECE circuit compared with the open-circuit case.
This behavior reflects the weak electromechanical coupling of
the prefabricated PDSB, which benefits energy harvesting perfor-
mance, as the advantage of the SECE technique diminishes in
systems with stronger coupling.

Figure 25 presents the experimentally measured output voltage
and power of the SP-SECE circuit under 1 g, 37.5 Hz excitation.
As shown in Fig. 25(a), the output voltage increases with R,
while the output power, as illustrated in Fig. 25(b), remains
nearly constant around 35 yW over a R; range of 0.02-3.0 MQ.
These results validate the enhanced performance and
load-independent characteristic of the SECE technique, providing

T
RS

Ca

I

Fig. 20 Schematic of the
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SP-SECE interface circuit
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Table 7 Materials and structural parameters of the 3D-printed PDSB prototype

L (m) b (m) ry (m) ry (m) pr(g/em?) L, (m) b, (m) hy (m) h, (m) hq (m)
0.5 0.05 0.3 0.4 13 0.04 0.03 0.01 0.03 0.0002
(@) (b)
10.0 10.
3.00 A
0.0 0.0
=3 .00 '3 .00
10.0 10.0
SP-SECE circuit RS circuit
=13.0 15.0
<+«— 20 ms/ div <+«— 20 ms/ div
~05.4m ~E0.4n 10.6n 50 .6 0. Bmn 85, 4m -39 .4m 10,8m 50, 6m

Fig.24 Experimental waveforms: (a) Working voltage waveform of the SP-SECE circuit; (b) open-circuit voltage waveform of the

RS circuit.
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Fig. 25 Experimental results of a PDSB connected to the SP-SECE circuit: (a) output voltage versus the load resistance;

(b) output power versus the load resistance

valuable insights for designing PDSBs with improved energy har-
vesting capability using advanced nonlinear interface circuits.

6 Conclusion

This paper has presented an innovative piezoelectric energy
harvester utilizing a diatomic sandwich beam (referred to as
PDSB in this study), with its superior performance demonstrated
through theoretical modeling, finite element (FE) analysis, and

Journal of Vibration and Acoustics

experimental validation. The governing equations were derived
using the homogenization method combined with Hamilton’s prin-
ciple, and a mathematical model of the PDSB incorporating elec-
tromechanical coupling effect was formulated using the Lagrange
equation. The theoretical results have been compared with those
of FE simulations. A good agreement was observed in the estima-
tion of natural frequencies, displacement response, and voltage
output, verifying the accuracy of the developed theoretical
model. Due to the hourglass-shaped core structure, the PDSB
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proposed in this study has shown superior performance in vibration
energy harvesting. Compared with a traditional piezoelectric
energy harvester using a uniform beam, the PDSB produces a
2.67 times higher voltage output and a 7.14 times higher power
output. Moreover, it exhibits a broader operation bandwidth as
well. A study has further investigated the influences of the geomet-
ric and material parameters on the energy harvesting performance
of the PDSB, thereby providing a theoretical foundation for the
design optimization. The results have indicated that the power
and voltage outputs of the PDSB can be enhanced by using high-
density materials for the core layer. A parametric study has
offered insights into the design flexibility of the PDSB.

In addition, this study has established the first-ever equivalent
circuit model (ECM) for this PDSB, which represents a sandwich
beam-based piezoelectric energy harvester. Such an ECM method
can also be universally applied to analyze any other sandwich-type
piezoelectric energy harvesters. The ECM facilitates the integra-
tion of any shunt circuit for a comprehensive system-level analysis.
On that basis, we employed a synchronized charge extraction
(SECE) circuit to further improve energy harvesting efficiency
from the circuit design perspective. Experimental verification
further confirmed the reliability of the theory and simulation:
using a 3D-printed PDSB prototype, under 1 g excitation, the
SECE circuit achieved a maximum power output of 42.85 mW
and maintained stable power output within the load range of
0.02 MQ-3.0 MQ, demonstrating performance superior to that of
traditional resistive shunt circuits. Our study has demonstrated
that using the SECE circuit significantly enhances both power
output and stability compared to a traditional resistive shunt (RS)
circuit. The load-independent nature of the SECE circuit makes
it particularly suitable for powering real electronic devices featur-
ing time-varying loads in practical applications.

Appendix A

In summary, this study has proposed an innovative piezoelectric
energy harvester based on sandwich structures, established model-
ing approaches, and conducted experimental tests for validation.
The approaches and findings presented in this work have opened
the path for the development of sandwich beam-type energy har-
vesters toward real applications.
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