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ARTICLE INFO ABSTRACT

Communicated by Dr Ji JC While chiral metamaterials excel in wave manipulation, their potential for low-frequency
broadband vibration suppression remains underexplored. This study proposes a new design

Keywords: paradigm that integrates the principles of “tacticity” and “hierarchy” into chiral lattices. Eight
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Spectral element method

hierarchical chiral elementary cells with self-similar geometry are assembled to construct periodic
and aperiodic metamaterials, enabling reduced starting frequencies of band gaps at an identical
stiffness-mass ratio. To facilitate the customization design, a theoretical framework is established
for predicting the transmittance spectra and band structure of these hierarchical chiral meta-
materials, which is validated through simulational results and experimental tests. It is demon-
strated that the periodic syndiotactic metamaterial generates two wide band gaps, the normalized
starting frequency of which is lower than that observed in non-hierarchical, mono-hierarchical,
and de-chiralized reference configurations. The intrinsic band gap formation mechanisms are
elucidated, and a systematic parametric analysis is conducted to guide band gap tailoring.
Furthermore, through the combinatorial optimization of topological configurations and structural
parameters, the resulting aperiodic hierarchical chiral metamaterial achieves superior broadband
vibration suppression performance. Compared to the periodic configuration, the aperiodic design
not only broadens the initial band gap by 122.2 % but also reduces the starting frequency by
34.4 %. Overall, the tacticity-hierarchy framework and theoretical model developed in this work
provide a general pathway to engineer customizable, low-frequency, broadband band gaps for
vibration suppression.

1. Introduction

Mechanical metamaterials [1-3], characterized by engineered artificial morphology and tailored physical properties [4], enable
the elastic wave manipulation [5] across extensive frequency ranges and at deep subwavelength scales [6]. This capability has driven
substantial research interest over the past decades [7-9]. Beyond their anomalous dynamic properties, a prominent feature of these
mechanical metamaterials is the emergence of band gaps [10-12], in which vibration transmission is significantly attenuated
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throughout the architected structure [13].

The band gap properties of metamaterials are mainly attributed to the structural design of their microstructure rather than their
constituent materials [14-16]. The design methodologies are typically based on two fundamental mechanisms of band gap formation:
Bragg scattering [17,18] and local resonant [19,20]. Since the Bragg scattering occurs at an elastic wavelength compatible with the
periodic length, the locally resonant metamaterials are preferred for low-frequency vibration suppression, but the latter suffers from
limited and dispersed bandwidth. Recently, inertial amplification [21-23] has emerged as a promising strategy to generate broad low-
frequency band gaps within lightweight mechanical metamaterials. In addition, quasi-zero stiffness metamaterials [24,25] can open
ultra-low frequency band gaps, but their effective operational range for vibration isolation is narrow and highly sensitive to the load-
mass deviation [26]. Moreover, regarding the metamaterial design, a significant realization barrier arises from the fabrication com-
plexities of intricate architectures [27,28], generally leading to impractical production challenges or structural fragility failure [29].
Therefore, balancing the competing demands of light weight, high stiffness, simple geometry, and low-frequency broadband perfor-
mance remains to be further explored.

Within this context, chirality-inspired periodic metamaterials are drawing more and more attention [30-33] due to their unique
mechanical performance [34,35], including the compression-torsion coupling effect [36,37] and inertial amplification effect [38,39].
In contrast to ordinary geometry configurations, chirality breaks the structural symmetry, thereby enabling the creation of elastic wave
band gaps within the metamaterials [40-42]. Bergamini et al. [43] found that the relative orientation of adjacent chiral cells
significantly impacts their vibrational transmission responses. After exploring the band gap phenomena through an analogy with
Thomson scattering [44], Ding et al. [45] introduced spherical hinges into the chiral metamaterial to alleviate the mutual constraint
between the start frequency and bandwidth. Park et al. [46] successfully achieved low-frequency multimodal wave attenuation in
chiral trabeated metabeams by overlapping the flexural and longitudinal-torsional band gaps. Furthermore, Zhang et al. [47]
embedded local resonators into the chiral metamaterials to trigger lower frequency band gaps. Through integrating the tunable rudder
oscillators into chiral structures, Yu et al. [48] manipulated the band gap properties of chiral metamaterials while preserving their
original support stiffness and total weight. Despite these studies enriching band gap properties, the structural designs largely remain
anchored in classic chiral topologies. Thus, developing more advanced design paradigms is desired to fully unlock the potential of
chirality-inspired metamaterials for band gap enhancement and on-demand customization [30].

In practice, the design of metamaterial micro-architectures for the desired performance is often intractable [49,50], as it requires
accurate correlation between dynamic response and structural topology [51-53]. The prevailing strategy simplifies this complexity by
imposing periodicity with identical unit cells, but it sacrifices the achievable spectrum of physical properties [54]. In response,
considerable efforts seek to alleviate this limitation by enhancing micro-architectural heterogeneity or dissimilarity within the periodic
unit [55-58]. For example, Abdeljaber et al. [59] identified optimal geometric parameters of graded chiral lattices for vibration
suppression. Fundamentally, the gradient design strategy achieves broadband wave control through spatial segregation of local
resonator frequencies, but this inherently diminishes attenuation intensity within the resultant band gaps [60]. Drawing inspiration
from spatial parameter modulation, mechanical metamaterials with the rainbow trapping effect [61,62] and stiffness-mass-coding
design [63] have also been developed to customize band gaps. For instance, Li et al. [64] demonstrate that the band gaps of
membrane-type metamaterials can be significantly widened through strategic selection of parameter combinations. In addition,
Poggetto et al. [65] integrated the hierarchical architecture into periodic frames to broaden the band gaps of elastic waves. While
fractal hierarchical periodic structures enhance the multiplicity and overall bandwidth of band gaps, the unclear coupling mechanism
between the dispersion relation and structural hierarchy may inadvertently introduce undesirable passbands, narrowing the individual
width of lower-frequency band gaps [66].

It is noteworthy that the gradient and hierarchical design strategies described above only enrich the irregularity of unit cells, while
the metamaterial structures still feature strict periodicity. In contrast, wave propagation in non-periodic metamaterials manifests more
intriguing phenomena [67-69]. Studies have shown that the quasicrystal structures or aperiodic configurations exhibit unique energy
localization [70,71], wave reflection [72,73], and band formation [74,75]. Based on these findings, a natural hypothesis is that
breaking the periodic arrangement or utilizing disordered resonators could be an effective strategy to mitigate wave amplification. On
the other hand, abrupt geometrical variations between adjacent units significantly influence the low-frequency elastic wave propa-
gation [59,76], potentially eliminating attenuation regions or shortening bandwidth [66,77]. Hence, deterministic aperiodic meta-
materials with extensive reconfigurable configurations formed by simple elementary cells remain scarce for continuous and broadband
vibration suppression.

Motivated by the above-mentioned research gaps, this work presents a novel class of periodic and aperiodic hierarchical chiral
metamaterials to improve the vibration suppression performance. By exploiting the augmented design freedom from multiple
chirality, we demonstrate that rationally engineered aperiodic variants outperform their periodic counterparts in achieving continuous
and broadband vibration suppression.

The main contributions of this study are threefold. (1) Through the innovative synthesis of “tacticity” and “hierarchy”, eight chiral
elementary cells with self-similar geometry are designed to construct periodic and aperiodic metamaterials, allowing for reducing the
start frequency at identical stiffness-mass ratios. (2) Unlike stochastic metamaterials generated from random or selective represen-
tations [78,79], our hierarchical design strategy yields deterministic aperiodic fabrication-friendly metastructures, whose band gaps
can be precisely manipulated by adjusting both chirality arrangements and local shapes. (3) Different from conventional co-simulation
techniques using finite element software [51,80], a function-based modeling approach is developed to efficiently solve the inverse
optimization problem, determining the optimal configuration from the desired behavior by selecting appropriate elementary cells with
fine-tuned structural parameters.

Subsequent contents are organized as follows. To start with, the design concept and the architectural configuration of hierarchical
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chiral metamaterials are elucidated in Section 2. Section 3 establishes a theoretical formulation for predicting the vibration propa-
gation behavior. Section 4 validates this theoretical model via simulation results and experimental tests. Section 5 discusses the vi-
bration suppression performance of periodic hierarchical chiral metamaterials. Furthermore, Section 6 demonstrates the superiority of
aperiodic metamaterials in broadband vibration suppression. Finally, Section 7 summarizes the concluding remarks of this research.

2. Geometrical configuration design

Focusing on the intrinsic correlation between structure and performance, the design concept of hierarchical chiral metamaterials
will be presented in this section. Through the integration of “tacticity” and “hierarchy”, the proposed design strategy seeks to widen the
band gaps while retaining the original specific stiffness. Simultaneously, the abundance of elementary cells endows the metamaterials
with intriguing capabilities for elastic wave manipulation.

Given the merits of the compression-torsion coupling effect and inertial amplification effect [36-39], the chiral lattice structure is
selected as the basic geometry in this study. As shown in Fig. 1(a), such basic elements are made up of four inclined struts and two
substrate plates. Similar to the concept of “tacticity” in polymer chemistry [81], the combination of chirality brings about isotactic,
syndiotactic, and atactic configurations. Chemically, isotactic polymers are characterized by a uniform monomer arrangement,
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Fig. 1. Schematic diagram of the developed hierarchical chiral metamaterials. (a) Basic left- and right-handed chiral elements; (b) Periodic and
aperiodic configurations; (c) Hierarchical nested design with an external chiral frame and internal chiral micro-structures; (d) Eight elementary cells
with self-similar geometry for the hierarchical chiral metamaterials.
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whereas syndiotactic polymers exhibit a regular alternating pattern. In contrast, atactic polymers display a random monomer dis-
tribution without periodicity. By analogy, the elementary cells of metamaterials act as the monomer units in polymers. Moreover, the
proposed elementary cells differ only in their chirality, which can be either left- or right-handed. These features contribute to diverse
arrangement combinations with geometrical similarity.

Drawing inspiration from the intriguing characteristics of tacticity, we further design the isotactic, syndiotactic, and atactic chiral
metamaterials. Specifically, the isotactic configuration exhibits a highly regular pattern in which the unit cells are exclusively left- or
right-handed. The syndiotactic configuration, as presented in the upper part of Fig. 1(b), alternates between left- and right-handed
chiral elements. In contrast, the atactic form, as depicted in the bottom part of Fig. 1(b), is characterized by the random distribu-
tion of its basic elements. Therefore, the isotactic and syndiotactic configurations are periodic, whereas the atactic configuration is
aperiodic.

By applying the self-similar principle to nest multiple levels of basic geometrical topology across different size scales, the hier-
archical chiral metamaterials are constructed as shown in Fig. 1(c). The external chiral structure primarily serves to provide load-
bearing stiffness, while the two chiral micro-structures are integrated into the internal cavity as local resonators to enhance vibra-
tion suppression performance. In comparison to single-layer chiral metamaterials, the proposed hierarchical design enables the
generation of broader band gaps alongside a superior strength-to-weight ratio. Moreover, as depicted in Fig. 1(d), the introduction of
hierarchy enriches the subset of elementary cells, providing more versatility for waveguide manipulation in diverse applications. For
clarity, the hierarchy of the elementary cells is characterized by three-letter combinations, such as “RLR”. The first letter denotes the
charity of the external structure, while the second and third letters represent the charity of the downward and upward structures in the
internal layer, respectively. Herein, the abbreviations “R” and “L” denote right- and left-handed chiral units.

Fig. 1(d) also illustrates the geometric parameters of each elementary cell. For the external chiral frame, the two parallel substrate
plates are separated by a distance of h,, and their diameter and thickness are d, and h,, respectively. Four cross-distributed inclined
struts with a tilt angle of 6, are located on the surface of the cuboid interspace, and their length and diameter for these external inclined
struts are defined by [. and d_, respectively. Regarding the internal chiral structures, the middle substrate plate has a diameter of d,, and
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Fig. 2. Kinematic transformation of strut end nodes to connected substrate plates. For the two-node spectral beam element, each node possesses
complete translational and rotational degrees of freedom, with nodal forces comprising both force and moment components. The relative dis-
placements from j to j' and from k to k' are (Ax;, Ay;, Az;) and (Axa, Ays, Azy), respectively.
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a thickness of hy,. The length, diameter, and height of internally inclined struts are specified as l,, dg, and hg, respectively, with their tilt
angle indicated by 6p,.

3. Theoretical formulation

Accurate prediction of dynamic behavior is indispensable for tailoring band gaps. Toward this end, the dynamic governing
equations are derived herein to characterize the vibrational response and reveal the band structure features inherent to hierarchical
chiral metamaterials.

3.1. Vibration response modeling with extended dynamic stiffness matrices

Current dynamic modeling techniques include the transfer matrix method (TMM) [82], the lumped mass-spring method (LMSM)
[5], the plane wave expansion method (PWEM) [83], the finite element method (FEM) [84], and the spectral element method (SEM)
[85]. Among these methods, the TMM is primarily confined to one-dimensional systems, as it struggles with complex structural
configurations. Ding et al. [44] applied LMSM to analyze the dynamic response of chiral metamaterials, but the developed model
demands a size-dependent correction factor to modify the effective radius. The PWEM requires that the material properties of the
periodic medium be formulated in a closed form, thus reducing its versatility. Owing to the availability of commercial software, the
FEM has been widely adopted for calculating the vibration response and the deformation modes, but the simulation process is
computationally intensive. Different from the FEM that necessitates refined meshes, the SEM enhances the computational efficiency by
modeling entire uniform segments using a single element. In light of these facts, the SEM is employed here to develop an efficient
theoretical framework for predicting the band gap properties of chiral metamaterials.

Across the frequency domain of interest, deformation in the hierarchical chiral metamaterials is predominantly localized to the
support struts, with negligible distortion observed in the substrate plates. This characteristic justifies the rigid-body assumption for the
plates. Based on this premise, an extended spectral element method that effectively integrates the synergistic effects of rigid-flexible
interaction and compression-torsion coupling is presented here for vibration analysis.

As illustrated in Fig. 2, a spectral beam element formulated in the frequency domain is applied to characterize the dynamic
behavior of inclined struts. The nodal force vector Fj for a strut is determined by the nodal displacement dj and the dynamic stiffness
matrix Sp, which is expressed as [72]:

Fj. = Spdjc

T
Fj = [F].T,FE] . F = [Fy,Fy, Fy, Mg, My, My|",  Fe = [Fue, Fye, Fat, My, My, My | o
T T
dy = {d},d{] . d= {uj,vj,wj,a,-,ﬂj, y}} o di = [t Vi Wi, @ B 7"

Note that four cross-distributed inclined struts are connected to rigid substrate plates. This geometric configuration implies that the
terminal displacement of these flexible struts must conform to the rigid kinematic constraints. Accordingly, as presented in Fig. 2, we
will extend the formulation of spectral beam elements to achieve the rigid-flexible coupled modeling.

Given that the relative displacement between nodes j and j' is (Axj, Ay, Az1), the force equilibrium equations and geometric
relationships for these two nodes are derived as follows:

Fy =Fy, W =u+fAz1 —y;An
Fy'/ = F){f s Vj/ = Vj — (leZl + }’ijl
sz' = sz, Wy =w; + (leyl — ,{}ijl

2
ij, = ij + ijAZ] — sz, A_yl, aj' = aj ( )

Myj' = Myj — Fx}Azl +szAx1, ﬁj/ = ﬂj

My = My + FyAy1 — FjiAxi, vy =v;

The above propagation relation can be reshaped into
Fix =TuFux ,  Xjk = T12Xix 3)
where the transfer matrices T1; and T; are determined by
113;3 (I)3><3 gsxs gsxe, (I)3><3 le gsxs 83x3 0 Az —Ay

T11 — 1 3x3 3x3 3x3 T12 — 3x3 3x3 3x3 3x3 = —AZl 0 AXl (4)

03,3 03,3 Isxz 033 |’ 03.3 033 Isxz  Osxs

A —Ax 0
03,3 03:3 O3x3 I3 03,3 033 03:3 Isys J1 !

where I3, 3 and 033 denote the 3 x 3 identity and zero matrices, respectively.
Following the same procedure, the terminal node k is mapped to node k', which is situated on the other rigid substrate plate. As
established in Eq. (3), the conjugate transformations between nodes k and k' are governed by

Fjv = TaiFj, Xy = TooX, 5)
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where the transfer matrices Ty; and Ty are expressed as

Iis O3xs O3x3 Osxs Iz O3x3 O3uz Osys 0 Az, —Ays
03,3 Isxz 0O3x3 O3i3 03,3 Isxz 0O3x3 033
T, = , Ty = , Wy = | —Az 0 Ax: 6
2 03><3 03><3 I3><3 03><3 2 03><3 03><3 I3><3 (op) 2 2 2 ( )

A —Ax 0
03><3 03><3 w3 I3><3 03><3 03><3 03><3 I3><3 V2 2

The relative displacement vector (Axp, Ay,, Az;) quantifies nodal positional translation from k to k'.
By integrating Egs. (3) and (5), the displacement-force propagation relationship at the nodes j' and k' is derived as

Fiy = [(Tlell)sb(TZZle)_l}Xj’k’ = DpXjp )

where Dy denotes the extended dynamic stiffness matrix of the strut, with its end nodes transferred to the adjacent substrate plates.
Upon completing this transformation, the nodes of the four inclined struts are uniformly merged into the centers of the corre-
sponding substrate plates. As illustrated in Fig. 3, the node condensation leads to the reduction of the dynamic stiffness matrix of each
basic chiral unit to a 12 x 12 matrix. Given that a hierarchical chiral elementary cell consists of three similar basic chiral units, as
depicted in Fig. 3, a modular assembly is first executed, and then the dynamic stiffness matrix of each elementary cell can be readily
derived via global assembly.
To facilitate the modular assembly of each elementary cell, the dynamic equation of the n-th basic chiral unit is recast as

i) [ 22
Fn.k’ Dn,3 Dn,4 Xn,k’
whereX,, s and X, denote the nodal displacement vectors at j and k', respectively, while F, ; and F, ;- correspond to the resultant force
vectors. Additionally, the dynamic stiffness matrix D, of the n-th basic chiral unit is partitioned into Dy 1, Dy,2, Dy 3, and D, 4. These
variables are all defined in global coordinates.

As depicted in Fig. 3, a hierarchical chiral elementary cell can be characterized by three nodes. According to the D’Alembert

principle, the force equilibrium equation for each elementary cell, which incorporates the inertial effect of the substrate plates and the
dynamic stiffness of flexible struts, is derived as:

Fi (o) Dy 1 +Dy 1 +M, Dy, 2 Dy 2| | Xy
F(0) | = Dy 3 D 4+D3 4+M, D3 3| |Xz 9
0651 Dy 3 Dy 4+D3 24+My, D3 1| [ X3

where F1(w) and Fo(w) are the input and output forces applied on the external chiral frame, respectively; M, and M, denote the inertial
matrices of external and internal substrate plates, respectively; X; (i = 1, 2, 3) represents the nodal displacement of the i-th node.

After determining the input-output relationship of each chiral elementary cell, the derivation of the frequency response function
for the entire hierarchical chiral metamaterial becomes straightforward due to its cascaded configuration. By imposing the boundary
conditions on the governing equation of the system, we can obtain

Node 2

Output port

®
ode 2

Node
condensation

Node
Modular Global assembly

© assembly =

Node 3

@

Input port

No&e 1

Fig. 3. Construction of the global dynamic stiffness matrix for the hierarchical chiral elementary cell. By moving the end nodes of the spatial flexible
struts to the corresponding substrate plates, each basic chiral unit is equivalent to an extended spatial beam element with two nodes, implying that
the hierarchical chiral elementary cell can be described by three nodes. Upon modular assembly of the three basic chiral units, labelled ®, ®, and
®, the global dynamic stiffness matrix is obtained, with the assembly procedure analogous to the finite element method.
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X
{ Xf} (10)

De Def
DL D¢

)

where the subscripts ‘e’ and ‘f* correspond to the “essential’’ and “free’” boundary conditions. As a result, the unknown quantities can
be resolved as

X; = -Df'DEX

f ¢ ifl 1T 11

Fine = (De - Defo Def)Xl

From the analytical solution presented in Eq. (11), we can extract the vibration amplitudes at the input and output ports, which are

denoted as x; and x,, respectively. According to the physical definition, the vibration transmittance through the hierarchical chiral
mechanical metamaterial is computed as

w(w) = 20log (x,/x;) (12)

When the vibration at the output port is smaller than that at the input port, i.e., w(w) < 0, vibration suppression occurs, which is an
essential condition for the band gap formation.

3.2. Band structure analysis for hierarchical chiral metamaterials

As a fundamental analytical tool in wave propagation, band structure [52,86] provides critical insights into dispersion relations and
band gap identification. Consequently, this subsection is devoted to formulating their band structures to characterize the wave
propagation properties within hierarchical chiral metamaterials.

To begin the formulation, a transfer matrix is constructed to link the nodal force and modal displacement at the input and output
ports. For this purpose, all nodes within a representative volume element (RVE) are classified into three categories: the input node, the
output node, and the intermediate nodes. The corresponding variables are denoted by the subscripts ‘int’, ‘out’, and ‘mid’, respectively.
For an RVE comprising two hierarchical chiral elementary cells, its dynamic governing equation can be reconstructed as

Fint DUL DUM DUR Xirl[
Fout = |Dwv. Dwmm Dwmr Xout (1 3)
03 x6 DBL DBM DBR Xrnid

After eliminating the intermediate nodes, the following expression is obtained with the transfer matrix Tg:

Xe | [ -AB A7 ] [Xow| o [Xou
|:Fint:| B {chAle CA™! | | Fou =Ta Fout a4

where the associated block matrices are derived as

A =Dy — DMRD];}%DBL
B = Dym — DMRD};éDBM
C=Dy. — DURDg[}DBL

D = Dym — DURDgéDBM

(15)

On this basis, we further apply the Bloch-Floquet principle to obtain the dispersion relation of the periodic hierarchical chiral
metamaterial, which takes the form:

Xout iq(2hc+4hp) I6><6 06><6 Xint Xint —iq(2hc+4hy) Xout
— lq(2hc+4hp o —e ani2) P 16
|: Fout 06><6 I6><6 Fint Fint 1212 Fout ( )

where q denotes the wavenumber, and i = v/-1 represents the imaginary unit. By comparing Eq. (14) with Eq. (16), we obtain a
standard eigenvalue problem:

|Ta— efiq(2h5+4h")112x12| =0 17)

For a specified angular frequency o, the corresponding wavenumber g can be computed using Eq. (17). Through a systematic sweep
of w and subsequent plotting of the resultant g, the band structure of the chiral metamaterial is visualized, allowing for the thorough
analysis of band gap features.

4. Experimental verification and simulation validation

In this section, the established theoretical formulation will be verified through a comprehensive comparison with both FE simu-
lations and experimental measurements. To affirm the accuracy and reliability of the model, the transmittance spectra and band
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structure of hierarchical chiral metamaterials with distinct elementary cells will be examined in detail.

4.1. Theoretical model validation

As depicted in Fig. 4, two representative hierarchical chiral metamaterials are analyzed in this verification case study. Both
metamaterials comprise 8 elementary cells, arranged in a linear array along their longitudinal direction. The first configuration is
formed by homogeneous RRR-LLL unit cells, while the second is constructed with mirrored-symmetric RLR-LLR unit cells. The specific
dimensional parameters for these two hierarchical chiral metamaterials are outlined in Table 1. Unless otherwise specified, these
parameters will be adopted as the default settings for all subsequent analyses.

According to the developed theoretical formulation, the global dynamic response, including vibration characteristics and band
structures, is calculated using our in-house spectral element code. To assess its validity, the band gap properties of these two hier-
archical chiral metamaterials subjected to harmonic excitation are simulated through an FE model, which is implemented in COMSOL
Multiphysics® software. Additionally, for experimental validation of the vibration suppression performance, 3D printing technology is
used to fabricate prototypes of the two metamaterials. The chosen Nylon material has a mass density of 1160 kg/m°, an elastic modulus
of 2.51 x 10°N/m?, and a Poisson’s ratio of 0.41.

Fig. 4 depicts the overall experimental setup. The prototype is suspended with two mounting brackets to provide gravity
compensation. The mechanical excitation at one end of the specimen is precisely generated and controlled using an electrodynamic
shaker (Model 2060E) driven by a power amplifier (Modal Shop). The vibration transmissibility across the hierarchical chiral met-
amaterial is continuously monitored by two accelerometer sensors (YMC122A). These acquired signals are recorded through a data
acquisition system (ECON MI-7008) and then transferred for post-processing analysis on a laptop computer.

In the proposed hierarchical chiral metamaterial featuring four RRR-LLL unit cells, the wave propagation of symmetric longitudinal
modes exhibits two complete band gaps below 2000 Hz. As shown in the aqua-highlighted region of Fig. 5(a), these band gaps are
located within the frequency ranges of 170.4-1002.1 Hz and 1505.7-1804.1 Hz, with the normalized bandwidth of the first band gap
being 1.42. For the hierarchical chiral metamaterial featuring 4 RLR-LLR unit cells, two broader band gaps occur at lower frequencies.
As shown in Fig. 5(b), the corresponding frequency ranges for these band gaps are 96.6-976.0 Hz and 1220.3-1755.1 Hz, with the
normalized bandwidth of the initial band gap increasing to 1.64.

Fig. 5 also indicates that the predicted band gap intervals for the two metamaterials are in excellent agreement with both the
COMSOL simulation results and experimental measurements. This great consistency confirms the reliability of the theoretical
formulation for the vibration response analysis of hierarchical chiral metamaterials. In addition, the computational efficiency of this
theoretical model is evident. Utilizing a desktop system with a 3.40 GHz processor, the MATLAB-based theoretical analysis is
completed within 5.14 s. In comparison, the COMSOL simulation necessitates a much longer processing time, approximately 8.53 x
10*s. These results highlight the efficacy of the developed theoretical model for the transmittance spectra prediction of hierarchical
chiral metamaterials.

Furthermore, the band structures are computed to confirm the band gap properties of the two metamaterials. Under the applied
excitation condition, only symmetric longitudinal modes are triggered, which are depicted as red-colored branches in Fig. 6. Notably,
the attenuation valleys between the red curves perfectly match the transmittance analysis results shown in Fig. 5. In addition,
theoretical dispersion relation solutions, plotted by blue-point branches, align well with the COMSOL simulation results. As demon-
strated in Fig. 6, the close agreement between theoretical predictions and simulation data further validates the accuracy of the derived
formulation for band structure characterization.

(a) (b)
) - Ior HE T -
LI LLR Amplifier Data acquisition
module
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1 1 D : :
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Fig. 4. Experimental test on the vibration suppression performance of hierarchical chiral metamaterials. (a) Prototype of the hierarchical chiral
metamaterial with 4 RRR-LLL unit cells; (b) Prototype of hierarchical chiral metamaterial with 4 RLR-LLR unit cells. (¢) Vibration transmittance
response measurement.
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Table 1
Dimensional parameters of the hierarchical chiral metamaterials (unit: mm).
Dimensional parameter External chiral frame Internal chiral unit
Symbol Value Symbol Value
Length of inclined struts L 53.15 I, 23.05
Diameter of inclined struts d. 4.00 d, 2.00
Height of substrate plates hy, 10.00 A 5.00
Diameter of substrate plates d, 60.00 dm 28.00
Height of chiral units he 40.00 hg 17.50
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Fig. 5. Transmittance spectra comparison from theoretical predictions, simulational results, and experimental measurements. (a) Transmittance for
the hierarchical chiral metamaterial with 4 RRR-LLL unit cells; (b) Transmittance for the hierarchical chiral metamaterial with 4 RLR-LLR unit cells.

4.2. Formation mechanism of band gaps

In this subsection, the eigenmodes at the band gap boundaries are examined to facilitate a deeper understanding of the wave
propagation characteristics within the metamaterial. Through this thorough analysis, we elucidate the band gap formation mecha-
nisms of such hierarchical chiral metamaterials.

Due to its semi-analytical nature, the SEM is highly efficient in computing vibration transmittance and band structures for such
metamaterials, but it is not suitable to characterize the localized deformation fields. To remedy this, a FE model with a refined mesh of
continuum elements is constructed in COMSOL Multiphysics® to capture the edge modes of the unit cell. Through the application of
Floquet periodic boundary conditions and a parametric sweep, the specific mode shapes at relevant frequencies are determined,
providing a clear insight into the underlying formation mechanisms of band gaps.

Fig. 7(a) presents the edge modes of the chiral metamaterial configured with RRR-LLL unit cells. As marked in Fig. 6(a), modes A
and B define the lower and upper edges of the first band gap, while modes C and D bound the second. An examination of modes A and B
in Fig. 7(a) shows that the two adjacent outer hierarchical substructures exhibit opposite chirality, i.e., right- and left-handed,
respectively. The overall deformation of the entire structure is dominated by rotational motion. Mode B shows that the top and
bottom discs rotate clockwise while the middle disc rotates counterclockwise. Because the upper and lower substructures have
opposite chirality, the chiral ligaments transmit torques of opposite sign across the mid-plane. The resulting counter-rotation creates
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Fig. 6. Band structures of hierarchical chiral metamaterials for the symmetric longitudinal mode. (a) Dispersion relation for the metamaterial with
RRR-LLL unit cells. (b) Dispersion relation for the metamaterial with RLR-LLR unit cells. The band gaps, highlighted in the aqua regions, exhibit
good consistency with the band gaps extracted from the transmittance spectra.

an interlocking, gear-like motion that cancels the net twist/axial motion at the interfaces. Energy is thus confined in a localized
rotational mode, the group velocity approaches zero, and the wave cannot propagate, opening the first band gap. In this RRR-LLL chiral
metamaterial, the internal hierarchical substructures adopt the same chiral arrangement as the external ones. As a result, their vi-
bration modes closely mirror those of the outer substructures.

Inspection of modes C and D in Fig. 7(a) reveals a distinct formation mechanism for the second band gap. The deformation localizes
within the internal hierarchical substructures, which play the role of embedded resonators. In the lower-edge mode C, the internal
discs exhibit a pronounced torsional resonance while the outer frame remains nearly still, indicating energy trapping inside the in-
ternal hierarchical substructures. Moreover, the internal resonators rotate out of phase with the surrounding lattice, leading to torque
cancellation and minimal power flow across the interfaces. These features indicate that the second gap is produced by the coupling
between lattice waves and the torsional resonance of the internal substructures.

Similarly, Fig. 7(b) presents the edge modes of the chiral metamaterial configured with RLR-LLR unit cells. As correspondingly
indicated in Fig. 6(b), modes E and F delineate the lower and upper edges of the first band gap of this RLR-LLR chiral metamaterial,
while modes G and H bound the second one. Though the internal hierarchical substructures in this RLR-LLR metamaterial are arranged
in different chirality, modes E and F resemble modes A and B. Deformation localizes in the outer hierarchical substructures. Moreover,
as in mode B, mode F features clockwise rotation of the top and bottom discs and counterclockwise rotation of the middle disc.
Therefore, one knows that the opening mechanism of the first band gap of the RLR-LLR chiral metamaterial is similar to that of the
RRR-LLL metamaterial and primarily arises from counter-rotation-induced interlocking between adjacent outer hierarchical sub-
structures. This is supported by the first band gaps of the two chiral metamaterials having similar widths and occurring over com-
parable frequency ranges. Importantly, the formation of the first band gap is not entirely independent of the internal hierarchy.
Variations in internal chirality cause a slight change in the lower-edge frequency between the two chiral metamaterials, as can be
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Fig. 7. Eigenmodes of the hierarchical chiral metamaterials at the band gap boundaries. (a) Eigenmodes of the RRR-LLL metamaterial. (b) Ei-
genmodes of the RLR-LLR metamaterial. For each panel, the two subplots on the left display the edge modes for the first band gap, while the two
subplots on the right display the edge modes for the second band gap. The subscripts A-H correspond to specific edge locations, as indicated in Fig. 5.

observed in Fig. 5 and Fig. 6.

However, around the edges of the second band gap, modes G and H of the RLR-LLR chiral metamaterial are noticeably different
from modes C and D of the RRR-LLL chiral metamaterial. In the lower-edge mode G, energy is confined to the internal hierarchical
substructures, which undergo predominantly translational motion with no appreciable torsional resonance. Compared with mode C,
mode G is nearly purely translational. This promotes a robust opening of the second band gap in the RLR-LLR chiral metamaterial, as
evidenced by its substantially greater width and a markedly lower lower-edge frequency than in the RRR-LLL counterpart.

5. Vibration suppression performance of hierarchical chiral metamaterials
5.1. Comparison of hierarchical and non-hierarchical metamaterials

To examine the effectiveness of the hierarchical design strategy, this subsection will conduct a comprehensive comparison among
three chiral metamaterials, i.e., the non-hierarchical syndiotactic chiral metamaterial (NSCM), the mono-hierarchical syndiotactic
chiral metamaterial (MSCM), and the full-hierarchical syndiotactic chiral metamaterial (FSCM).

As illustrated in Fig. 8(a), the NSCM is a classic design known for opening broad and deep-subwavelength band gaps. Attributed to
the inertial amplification and Thomson scattering effects, the NSCM weakens the link between the mass and inertia, enabling vibration
suppression at lower frequencies with superior specific stiffness. Particularly, compared with the isotactic arrangement, the syndio-
tactic arrangement can further decrease the start frequency of the first band gap. Therefore, the NSCM is adopted as a strong reference
for comparison. Fig. 8(b) depicts the unit cell of MSCM, where each layer includes a basic chiral unit serving as the local resonator, but
the internal chiral structure is only unidirectional rather than bidirectional coupling with the external frame. As shown in Fig. 8(c), the
HSCM corresponds to the hierarchical chiral metamaterial proposed in this study. The three types of syndiotactic chiral metamaterials
have the same lattice constant. Besides, the external chiral frame of both MSCM and HSCM is identical to that of the NSCM.

To ensure the objectivity of the comparison, the normalized frequency f; is introduced to eliminate the influence of structural
stiffness and mass, which is expressed as
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Fig. 8. Comparison of hierarchical and non-hierarchical syndiotactic chiral metamaterials. (a) The unit cell of non-hierarchical syndiotactic chiral
metamaterial (NSCM); (b) The unit cell of mono-hierarchical syndiotactic chiral metamaterial (MSCM); (c) The unit cell of full-hierarchical syn-
diotactic chiral metamaterial (FSCM). Subplots (d), (e), and (f) depict the compression deformation of the unit cells for NSCM, MSCM, and FSCM,
respectively, with a compression force of 100 N applied to the substrate plate. The dispersion spectra of the three chiral metamaterials are shown in
subplots (g), (h), and (i), with the shaded regions indicating their first band gaps. The normalized starting frequencies are highlighted in red.
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Here, f represents the angular frequency, a is the lattice constant, and vy is the propagation speed of the longitudinal wave; kegs and m
are the effective compression stiffness and total mass of the unit cell, respectively.

By applying a compression force to the upper substrate plate, the deformation behavior of unit cells can be readily captured using
finite element simulations. From the data in Fig. 8, the compression stiffness of the NSCM and MSCM is calculated to be 15.65 N/mm,
while the HSCM exhibits a significantly higher value of 23.04 N/mm. The corresponding unit cell masses for the three metamaterials
are 137.39 g, 145.21 g, and 145.88 g, respectively. Thus, the specific stiffness, defined as the ratio of stiffness to mass, for the NSCM is
0.1139, while the developed HSCM provides a better specific stiffness of 0.1579. This implies that the NSCM can withstand 1.38 times
the load of the MSCM under the equivalent structural mass. Furthermore, as illustrated in Fig. 8(g)—(i), the normalized starting fre-
quencies of the first band gap for the three metamaterials are 0.28, 0.27, and 0.24, respectively. Notably, the proposed HSCM has the
lowest start frequency, decreasing it by 14.28 % compared to NSCM. These results demonstrate that the HSCM outperforms traditional
syndiotactic chiral metamaterials for low-frequency vibration suppression, highlighting the advantages of the proposed hierarchical
design strategy.

Beyond comparing hierarchical versus non-hierarchical configurations, we further discuss the effects of substituting embedded
chiral struts with straight ones on the band gap properties. For brevity, we introduce the symbol “S” to represent the straight lattice
configuration, aligning with the established abbreviations. As shown in Fig. 9, three distinct unit cells (RS-LS, RSS-LSS, and RSR-LLS)
are constructed for syndiotactic chiral metamaterials, which are compared to the RLR-LLR configuration (shown in the right part of
Fig. 8). Specifically, the RS-LS unit cell employs four straight struts as internal components, while the RSS-LSS and RSR-LLS unit cells
replace one or two internal chiral lattices with straight struts. For comparison, the mass of each unit cell is matched to the RLR-LLR
design by adjusting the straight strut diameters.

As demonstrated in Fig. 9, the RS-LS unit cell achieves the highest stiffness-to-mass ratio, surpassing the RSS-LSS and RSR-LLS
configurations. Regarding band gap properties, the normalized starting frequencies for their initial band gaps are 0.25, 0.26, and
0.26, respectively, all of which occur at higher frequencies than the RLR-LLR configuration. While the normalized starting frequency of
the RS-LS metamaterial is comparable to that of the RLR-LLR configuration, it exhibits the narrowest initial band gap compared to the
other configurations depicted in Figs. 8 and 9. This systematic investigation confirms that the integrated chiral hierarchy of the RLR-
LLR design is beneficial for generating the targeted low-frequency and wide band gaps. In contrast, when the chiral metamaterial is
partially or fully de-chiralized, the vibration attenuation performance is markedly weakened.

(18)
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Fig. 9. Comparison of syndiotactic chiral metamaterials with embedded components involving straight struts. (a) The unit cell RS-LS, where “S”
represents the straight strut; (b) The unit cell RSS-LSS; (c) The unit cell RSR-LLS. All unit cells have identical mass, achieved by adjusting the
diameters of the straight struts. Subplots (d), (e), and (f) illustrate the compression deformation of the respective unit cells (RS-LS, RSS-LSS, RSR-
LLS) under a 100 N compressive force applied to the substrate. The dispersion spectra for these three chiral metamaterials are shown in subplots (g),
(h), and (i), with the shaded regions indicating the first band gaps.

5.2. Parametric analysis for the band gap tailoring

To elucidate the effects of critical geometric parameters on vibration suppression, this subsection performs a systematic parametric
analysis for the hierarchical chiral metamaterials with eight elementary units, shedding light on the customization design of their band
gaps.

Based on the design parameters for the hierarchical chiral metamaterials, the external strut diameter d_ is varied in the range of 2-6
mm to deduce their influence on transmittance spectra, while the internal strut diameter d, is varied from 1 to 3 mm. As shown in
Fig. 10(a), increasing d. enlarges the first band gap but elevates its start frequency. In contrast, the second band gap shrinks with
improved start frequency. Especially, the hierarchical chiral metamaterial with d. = 6 mm yields an exceptionally wide band gap
spanning over 212.7-1404.5 Hz. The corresponding normalized bandwidth is up to 1.47, which outperforms those reported in recent
studies. In addition, Fig. 10(b) reveals that the internal strut diameter d, predominantly modulates the start frequency of the second
band gap for such hierarchical chiral metamaterials.

To investigate the characteristics of the band gap with different tilt angles, we calculated the transmission spectra for the three
cases as shown in Fig. 10(c) and Fig. 10(d). Given the fixed lattice constant, the bigger the tilt angle, the shorter the strut length. The
negative correlation means that the effects of tilt angle on the band gaps are also inverse to those of strut length. As depicted in Fig. 10
(c), increasing the external tilt angle 6, reduces the cutoff frequency of the first band gap, simultaneously triggering the second band
gap to move into the high frequency. Regarding the internal tilt angle 6, Fig. 10(d) indicates that its increase can shift the second band
gap into low frequency, with negligible influence on the first band gap.

Since the mass of substrate plates is associated with the inertial amplification effect of such chiral metamaterials, the diameters of
both external and internal substrate plates are also changed within the parametric analysis. As demonstrated in Fig. 10(e), larger
external plates narrow the first band gap by decreasing its cutoff frequency and broaden the second band gap by decreasing the
corresponding start frequency. For the diameter of the internal substrate plates, Fig. 10(f) implies that larger internal plates negatively
correlate with the start frequency of the second band gap.

To summarize, although diverse structural parameters exert varying influences on the vibration suppression performance of the
developed hierarchical chiral metamaterials, the parametric study reveals that the geometric parameters of the external frame mainly
govern the first band gap, while those of the internal microstructure predominantly control the second band gap. In particular, the
external strut diameter exerts significant concurrent influences on the properties of both the first and second band gaps for such
metamaterials.
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Fig. 10. Effects of independent geometric parameters on vibration suppression performance. (a) Effect of the diameters of external struts; (b) Effect
of the diameters of internal struts; (c) Effect of the tilt angle of external struts; (d) Effect of the tilt angle of internal struts; (e) Effect of the diameter of
the external substrate plates; (f) Effect of the diameter of the internal substrate plates.

5.3. Logic gate operations shaped by altering boundary conditions

Akin to the switching mechanism in electronic circuits, the proposed hierarchical chiral metamaterials can also achieve the basic
logic gate operations by opening and closing the band gap at a specific frequency. This subsection will detail how the logic gate
functionalities are shaped by alterations in the boundary conditions.

As illustrated in Fig. 11, two distinct constraint types are applied to the external substrate plates, serving as control signals.
Specifically, the “1” status corresponds to imposing rotational constraints, while the “0” status refers to an unconstrained condition. By
manipulating elastic waves under varying boundary conditions, such hierarchical chiral metamaterials can be programmed to open or
close the band gap within a specific frequency range. In this context, the output transmittance greater than 0 dB is interpreted as “1”,
while a transmittance lower than or equal to 0 dB is regarded as “0”.

The transmission profiles in Fig. 11 reveal whether or not imposing rotational constraints on the unit cells significantly influences
the band gap properties of the metamaterials. For the hierarchical chiral metamaterial with the RLR-LLR unit cells, the AND, OR, NOR,
and GND logic gates are realized across frequencies of 117-689 Hz, 696-904 Hz, 1802-1815 Hz, and 1352-1794 Hz, respectively. As
shown in Fig. 11(d), the transmittance spectra of the hierarchical chiral metamaterial with the RLR-LLL unit cells exhibit the operation
of AND, OR, and GND logic gates over the frequency ranges of 196-684 Hz, 742-900 Hz, and 1539-1818 Hz, respectively.

These observations confirm that the hierarchical chiral metamaterials are capable of executing certain fundamental logic opera-
tions, which have potential applications in identifying the ranges of vibration frequency and mechanical programming.

6. Hierarchical chiral metamaterials with periodicity or aperiodicity

In the literature, metamaterials are commonly studied in their periodic form. Nonetheless, integrating disorder into their design has
the potential to greatly improve their performance, surpassing that of their periodic counterparts. In particular, the various
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Fig. 11. Logic gate functionalities of hierarchical chiral metamaterials under different boundary conditions. (a) Schematic diagram of the boundary
constraint conditions for the hierarchical chiral metamaterial with RLR-LLR unit cells; (b) Transmittance spectra of the RLR-LLR metamaterial
featuring the AND, OR, NOR, and GND logic gates; (c) Illustration of the boundary constraint conditions for the hierarchical chiral metamaterial
with RLR-LLL unit cells; (d) Transmittance spectra of the RLR-LLL metamaterial exhibiting the operation of AND, OR, and GND logic gates; (e) Truth
tables corresponding to the four primary logic gates.

configurations of hierarchical chiral metamaterials offer a broad spectrum of possibilities for manipulating wave propagation across a

wide frequency range. This section will delve deeper into the superiority of aperiodic hierarchical chiral metamaterials in vibration
suppression.

6.1. Band gap enhancement observed in aperiodic metamaterials

For such hierarchical chiral metamaterials, there are diverse combinations among 8 elementary cells that exhibit geometric
similarity but dynamic disparity. Driven by these fascinating features, this subsection explores how different sequence variations affect
vibration suppression, thus highlighting the application potential of aperiodic hierarchical chiral metamaterials.

Fig. 12 displays the mechanical and transmittance characteristics for the eight elementary cells. Despite possessing identical mass
and external frame chirality, these elementary cells exhibit different loading capacity and transmittance patterns. The maximum
support stiffness is observed for the configuration with identical internal chirality and opposing external chirality (e.g., RLL), while the
minimum is found for internal alternating chirality. The case of fully identical chirality falls between these two extremes. In particular,
enantiomeric pairs (e.g., RRL/LLR and RLR/LRL), featuring reversed chirality in both the external frame and internal microstructure,
possess identical support stiffness and transmittance spectra.

However, uniform chirality in isotactic arrangements triggers torsion accumulation along the longitudinal direction, shaping a
macroscopic tension-torsion coupling effect. In contrast, the alternating left-/right-handed chirality in syndiotactic arrangements
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Fig. 12. Mechanical and transmittance characteristics of elementary cells for the hierarchical chiral metamaterials. (a) and (b) depict the
compression deformation of four elementary cells with the left/right-chiral external frame, respectively. The lower substrate plate is fixed, while the

upper substrate plate is subjected to a compression force of 100 N. (c) and (d) display the transmittance of four elementary cells with the left/right-
chiral external frame, respectively.

produces opposing rotations that counteract torsion. The phase cancellation results in scattered waves of the same vibrational mode
oscillating in opposed directions within syndiotactic chiral systems. Therefore, although each elementary cell can find a symmetric
configuration with the same transmittance characteristics, the enantiomeric pairs exhibit the wave propagation performance when
they are put into aperiodic hierarchical chiral metamaterials.

These observations naturally lead to the question: Can band gap enhancement be achieved by hybridizing dissimilar elementary
cells? More precisely, does the deliberate disruption of structural symmetry contribute to broadening the band gap width or reducing
the band gap start frequency?

To elucidate the significant impact of both internal chirality and external chirality on vibration suppression, as depicted in Fig. 13
(a), we compare hierarchical chiral structures that share a similar overall structure but feature different elementary cells. Based on the
developed vibration response prediction model, the transmittance spectra are computed as presented in Fig. 13(b) and (c). By defi-
nition, the band gap occurs when y(w) < 0. Therefore, the corresponding starting and cutoff frequencies can be identified by
examining the boundaries of the positive-negative transition. For the aperiodic hierarchical chiral structures analyzed, their initial
band gaps span the ranges 82.4-1055.8 Hz, 91.1-1048.7 Hz, 69.5-1034.2 Hz, and 71.9-1045.2 Hz, respectively. For reference, the
period metamaterial with an RLR-LLR unit cell has an initial band gap ranging from 96.6 Hz to 976.0 Hz. Notably, all four aperiodic
configurations exhibit a broader first band gap. Furthermore, the last two configurations display a significantly reduced start fre-
quency. Specifically, the expansion of the bandwidth is up to 10.68 %, while the start frequency is decreased by 28.05 %.

It is noteworthy that not all aperiodic designs contribute to the enhancement of vibration suppression. As observed in Fig. 14, the
two illustrative aperiodic configurations actually exhibit a narrower band gap width compared to the periodic metamaterial with an
RLR-LLR unit cell. This performance degradation stems from non-optimized unit arrangements, which disrupt wave propagation and
fragment the band gap. Therefore, random unit combinations, without meticulous design, generally interfere with low-frequency
elastic waves, leading to diminished attenuation region and contracted band width.

As demonstrated above, it is evident that aperiodic metamaterials have the potential to enhance the vibration suppression per-
formance with a lower start frequency and wider bandwidth simultaneously. This finding underscores how strict periodicity inherently
constrains the performance of mechanical metamaterials, while meticulous aperiodic design can unlock superior functionalities in the

16



D. Yu et al. Mechanical Systems and Signal Processing 243 (2026) 113704

(a)

RLR LLR RLR LRR LLR RRL LLL RLL

Configuration 1

Configuration 4
®) 100 .
2
= =
S o A SR o 5 2
oy
g
5100 3t 82.4—1055.8 |
é =] T T
7] T, o, 1 !
£ 200 = Original reference a}
S «= Configuration 1 o 0 F Reference
£ == Configuration 2 El i !
2300 1 1 1 m | 1 1 '
0 500 1000 1500 2000 0 300 600 900 1200
©) Frequency (Hz) Frequency (Hz)
100 = . .
9 ! 1
5 |
= oMyl AT 5
§ b= | |
5}
£-100 o 3r ‘ 69.5 —1034.2 ‘
.é o T T
g = Original reference X | I
&= == Configuration 4 £ H .
2300 1 1 1 m H 1 1 L i
0 500 1000 1500 2000 0 300 600 900 1200
Frequency (Hz) Frequency (Hz)

Fig. 13. Band gap enhancement observed in aperiodic metamaterials. (a) Four distinct aperiodic configurations, each composed of eight elementary
cells. (b) Transmittance spectra of the first two aperiodic configurations, where the initial band gaps span 82.4-1055.8 Hz and 91.1-1048.7 Hz,
respectively. (c¢) Transmittance spectra of the last two aperiodic configurations, with their first band gaps covering the frequencies of 69.5-1034.2
Hz and 71.9-1045.2 Hz, respectively. When compared to the period RLR-LLR metamaterial with its initial band gap spanning 96.6-976.0 Hz, the
four aperiodic configurations exhibit a broader first band gap. Moreover, the last two configurations feature a lower start frequency.
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Fig. 14. Deterioration of the band gap width in aperiodic metamaterials. (a) Schematic representation of two different aperiodic configurations,
each containing eight elementary cells. (b) The transmittance spectra for these configurations show initial band gaps of 98.2-769.3 Hz and
107.5-516.9 Hz, respectively. Compared to the periodic metamaterial with an RLR-LLR unit cell, both aperiodic configurations exhibit a narrower
first band gap.

developed hierarchical chiral metamaterials.
6.2. Widening band gap via parameter optimization design

From the perspective of geometrical design, the aperiodicity of metamaterials exists in distinct topological configurations and
nonuniform structural parameters. Having confirmed the effects of aperiodic configuration on the vibration suppression performance,
we will further discuss the benefits of parameter optimization for the customization design of band gaps in this subsection.

Note that the minimum start frequency and the maximum width of the band gap are effective metrics assessing the vibration
suppression capability of mechanical metamaterials. In this context, as commonly adopted in previous studies [51,87], the optimi-
zation target is set to widen the band gap interval while maintaining the overall structural dimension and the designated center
frequency. As indicated in Fig. 10, the diameter d. is more sensitive than the other geometric parameters to the band gap variations,
and thus we choose it as a representative optimization variable. For description, the radius of external struts for the i-th elementary cell
is detailed as d., ;. Considering the structural manufacturability and spatial interference, the radius d., ; is limited to the range from 1
mm to 6 mm. Moreover, for comprehensively releasing the potential of the aperiodic metamaterials, the topological configuration is
also incorporated into the band gap customization design. Herein, the binary coding scheme is employed for the topological sequence
[ec, is be, i, te, i] to characterize the left- and right-chiral elementary units. Specifically, e. ; denotes the chirality of the external frame,
while b, ; and ¢ ; denote the chirality of the bottom and top internal macrostructure, respectively.

As presented above, the band gap optimization model for the developed hierarchical chiral metamaterials with eight elementary
cells is summarized as follows:

find x=[dc1,ec1,bc1 b1, deg,€cs,bes; teg)

max f(x) = 2(fend _fstart)/(fstart +fend)

S.t. fstart <ftarget <fend

1€ d; <6 (i=1,2,-8) 19)
ei=0 or 1 (i=1,2,-,8)

b,;=0 or 1 (i=1,2,--,8)

ti=0 or1l (i=1,2,--,8)

where fstart, fend> and frarger correspond to the start frequency, end frequency, and target frequency of the first band gap, respectively.
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Since this formulation involves both the continuous and discrete design parameters, the mixed-variable particle swarm optimization
algorithm [88] is adopted to solve the optimization problem.

Taking the period metamaterial with four RLR-LLR unit cells as a reference, the target center frequency is set as 600 Hz. In the
particle swarm algorithm, the population size is 50, and the maximum iteration number is 200. From the optimization process as
provided in Fig. 15 (a), it can be seen that the bandwidth reaches the maximum after 138 iterations. The corresponding optimization
result is listed in Fig. 15(b). Notably, aperiodicity exists in the chirality of both the external frames and the internal microstructures.
The diameter distribution of the external frames is also non-uniform and non-gradient. Fig. 15(c) depicts the transmittance spectrum of
the aperiod metamaterial after optimization, whose first vibration suppression zone spans 63.4-2017.3 Hz. This corresponds to a
normalized bandwidth exceeding 1.87, signifying the attainment of broadband vibration suppression. Compared to the periodic
reference configuration, the aperiodic design not only broadens the initial band gap by 122.2 % but also reduces the starting frequency
by 34.4 %.

To further examine the effectiveness of the vibration suppression, the three representative vibration modes at 300 Hz, 600 Hz, and
1200 Hz are provided in Fig. 15(d). For the three vibration modes, it can be observed that peak vibrational amplitudes are concentrated
in the initial two elementary cells, while the vibration displacement at the output end is significantly smaller than that of the input end,
indicating the excellent vibration suppression performance.

As demonstrated above, it can be concluded that the hierarchical chiral metamaterials with twofold aperiodicity have more ad-
vantages over the periodic configurations in widening band gaps. In particular, without resorting to the respective parametric
modeling and simulation software, the developed theoretical model paves the way to the on-demand band gap customization for such
aperiodic hierarchical chiral metamaterials. Furthermore, the generality of the developed optimization framework allows its extension
to the design of broader aperiodic mechanical metamaterials, supporting the exploration of diverse vibration suppression properties of
interest.

Since this study focuses on low-frequency broadband vibration attenuation, the bandwidth and starting frequency are adopted as
key performance metrics. Nonetheless, the developed framework supports the customization of the optimization objective to meet
specific design requirements. For example, if a trade-off between attenuation amplitude and bandwidth is desired for the hierarchical
chiral metamaterial, the corresponding objective function can be defined as:

max  f(x) = wi(fend — ftare) / (fstare + fend) + w2 ||Wmin/Wref|| (20)
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Fig. 15. Vibration suppression enhancement of aperiodic metamaterials via parameter optimization. (a) Normalized bandwidth evolution during
the optimization process, achieving a maximum value of 1.87. (b) Resultant optimized parameters of the aperiodic metamaterial with 8 chiral
elementary cells. Here, d. ; is the radius of external struts for the i-th elementary cell, while e ; b ; and t. ; correspond to the chirality of the
external frame, bottom internal macrostructure, and top internal macrostructure, respectively. (¢) Transmittance spectra of the aperiodic meta-
material after optimization, with the first vibration suppression zone ranging from 63.4 to 2017.3 Hz. (d) Vibration modes of the optimized

aperiodic metamaterial at 300 Hz, 600 Hz, and 1200 Hz.
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where ¥ pnin is the minimal transmittance ratio; w; and w. are the weighting coefficients for the bandwidth and attenuation amplitude,
respectively. To facilitate direct comparison, ¥.f is introduced as a reference transmittance for normalization. Given that the
developed theoretical formulation facilitates efficient calculation of the transmittance spectrum for arbitrary combination configu-
rations, an optimal design can be identified on demand by applying the particle swarm optimization algorithm.

7. Conclusion

In this work, a novel design strategy has been presented for developing periodic and aperiodic hierarchical chiral metamaterials for
broadband vibration suppression. The theoretical analyses and technical discussions lead to the following key findings:

(1) The design strategy that combines the principles of “tacticity” and “hierarchy” results in eight chiral elementary cells with self-
similar geometries for constructing hierarchical chiral metamaterials. Compared with classic non-hierarchical and mono-hierarchical
chiral metamaterials, the developed chiral metamaterial exhibits a lower start frequency at identical stiffness-mass ratios.

(2) The developed theoretical model, rigorously validated through simulational and experimental results, accurately predicts the
vibration response and dispersion relation, paving the way to the on-demand customization design of vibration suppression perfor-
mance of such hierarchical chiral metamaterials.

(3) The comprehensive parametric analysis reveals that the strut diameter of the external frame is more sensitive to the band gap
variations than other geometric parameters. Interestingly, the band gap within a specific frequency range can be opened or closed by
altering the rotational constraints at each elementary cell, enabling basic logic gate operations.

(4) Through the combination optimization of distinct chirality sequences and non-uniform parameters, the resultant aperiodic
hierarchical metamaterial significantly outperforms the standard periodic configuration, exhibiting a 122.2 % increase in suppression
bandwidth and a 34.4 % reduction in starting frequency for broadband vibration suppression. This suggests that the aperiodic design
approach offers obvious advantages in widening the band gap than traditional periodic designs.

To summarize, this work sheds valuable insights into the vibration suppression capabilities of hierarchical chiral metamaterials,
while simultaneously expanding the boundaries of metamaterial properties through the transition from periodic to aperiodic designs.
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