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Abstract
In recent years, quasi-zero-stiffness (QZS) structures have been utilized in designing galloping
piezoelectric energy harvesters (GPEHs) to produce large vibration responses and high output
power. However, the QZS region is relatively narrow, leading to limited enhancement of
QZS-GPEH at large displacement responses. To address this issue, this paper proposes a flat
potential-well tuning method to design an improved QZS-GPEH (IQZS-GPEH) by significantly
expanding the QZS region. First, the governing equations of the proposed IQZS-GPEH were
derived, and a static analysis was conducted to compare the QZS region of the IQZS-GPEH
with that of a conventional QZS-GPEH. The results reveal that the QZS property can be
extended to accommodate large displacement responses, remarkably expanding the QZS region.
Subsequently, the harmonic balance method was applied to derive approximate analytical
solutions, and numerical simulations were performed to verify and study the dynamics and
power performance of the GPEHs. Finally, wind tunnel experiments were conducted to validate
the theoretical and numerical findings. The results show that the proposed method effectively
enlarges the QZS region, substantially increasing dynamic responses and voltage outputs.
Specifically, as the wind speed increased from 3.6 m s−1 to 5.0 m s−1, the power output
improvement rose from 23.55% to 55.64%. Therefore, it can be concluded that broadening the
QZS region is an effective approach to enhancing the performance of QZS-based galloping
energy harvesters.

Keywords: galloping, piezoelectric energy harvesting, quasi-zero-stiffness, nonlinear dynamics

∗
Author to whom any correspondence should be addressed.

Original content from this work may be used under the
terms of the Creative CommonsAttribution 4.0 licence. Any

further distribution of this work must maintain attribution to the author(s) and
the title of the work, journal citation and DOI.

1 © 2025 The Author(s). Published by IOP Publishing Ltd

https://doi.org/10.1088/1361-665X/add3db
https://orcid.org/0000-0001-5959-0488
https://orcid.org/0009-0008-7316-1792
https://orcid.org/0000-0002-7041-030X
https://orcid.org/0000-0002-1288-7564
mailto:guobiaohu@hkust-gz.edu.cn
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-665X/add3db&domain=pdf&date_stamp=2025-5-14
https://creativecommons.org/licenses/by/4.0/


Smart Mater. Struct. 34 (2025) 055018 C Lan et al

1. Introduction

In recent years, the rapid development of wireless sensors
has led to a significant increase in the widespread application
of low-power, small-scale devices. To address the scattered
power demands of these distributed devices, various energy
harvesting technologies [1–3], including vibration energy har-
vesting, ocean energy harvesting, and wind energy harvesting,
have been developed.

To efficiently harvest low-speed wind energy, like breezes,
mechanisms of flow-induced vibrations, including galloping
[4], flutter [5], and vortex-induced vibration [6], have been
extensively exploited in designing small-scale wind energy
harvesters. Among these, galloping-based wind energy har-
vesters are highly favored for their large structural responses
characterized by limit-cycle oscillations. Once the wind speed
exceeds the cut-in wind speed, a galloping energy harvester
can produce a significant response and generate high power
output. The concept of the galloping energy harvester was first
proposed and demonstrated by Barrero-Gil et al [7] and Sirohi
and Mahadik [8]. Their galloping energy harvester consists
of a piezoelectric cantilever beam and a bluff body attached
at its free end. When the wind interacts with the bluff body,
an aerodynamic force is generated that induces the vibration
of the piezoelectric beam, thereby producing power output.
Piezoelectric materials are commonly employed in the design
of wind energy harvesters, primarily due to their lightweight,
high power density, and ease of integration [2].

Obviously, a large structural response leads to a significant
increase in voltage. Therefore, optimizing the structural design
is essential for enhancing output power. From this perspect-
ive, researchers have devoted considerable effort to design-
ing bluff bodies and host structures. For instance, early stud-
ies explored and compared bluff bodies with different cross-
sectional shapes [9–11], including triangular, D-shaped, and
square sections for wind energy harvesting. Results revealed
that the square section configuration exhibits superior per-
formance compared to other geometries [11]. Subsequently,
bluff body design has become a primary method for improv-
ing wind energy harvesting performance, with the shapes of
bluff bodies becoming increasingly diverse [12–14].

Besides bluff body design, the piezoelectric structure that
hosts the bluff body also affects energy harvesting perform-
ance. The cut-in wind speed is closely related to structural
damping, while the maximum structural response depends on
structural stiffness, tip mass, and damping. Inspired by the sig-
nificant success of applying nonlinearity in vibration energy
harvesting, researchers have explored nonlinearity [15–24]
as a promising approach to increase structural response and
reduce cut-in wind speed for galloping piezoelectric energy
harvesters (GPEHs).

A pioneering study by Bibo et al [15] introduced nonlin-
ear stiffness into a conventional cantilever-beam-based GPEH
using magnets. Their results demonstrated that high-energy
orbit oscillations in both monostable and bistable GPEHs
could enhance structural responses and power outputs within a
specific wind speed range. Subsequently, Wang et al [16] pro-
posed a tristable GPEH bymodifying themagnet arrangement,

and experimental results showed that a maximum power out-
put of 0.73 mW was achieved at a wind speed of 7.0 m s−1.
Zhao and Yang [17] incorporated an impact mechanism into
GPEHs and found that at a wind speed of 5.5 m s−1 and a
base acceleration of 0.5 g, the output power increased from
3.0 mW to 3.8 mW. Furthermore, Zhao et al [18] experiment-
ally tested a nonlinear 2-DOF GPEH with a cut-out cantilever
beam as its host structure and found that this nonlinear GPEH
had an exceptionally low cut-in wind speed of 1 m s−1.

To understand the underlying mechanism, Lan et al [19]
theoretically studied a 2-DOF GPEH and derived approximate
solutions. They found that the cut-in wind speed of a 2-DOF
GPEH is closely related to both structural damping and stiff-
ness, whereas the cut-in wind speed of a conventional SDOF
GPEH depends solely on structural damping. Therefore, prop-
erly tuning the stiffness of a 2-DOF GPEH can reduce the
cut-in wind speed, which is beneficial for low-speed wind
energy harvesting. Building on a similar concept, Yang et al
[20] developed a magnetically coupled dual-beam GPEH and
reduced cut-in wind speed by up to 41.9%. Sun et al [21] pro-
posed a tandem configuration of magnetically coupled 2-DOF
GPEHs and achieved a 65% improvement in power output.

More recently, Chen and Zhao [22] utilized a quasi-zero-
stiffness (QZS) structure to design a GPEH. The QZS struc-
ture, characterized by high static stiffness and very low
dynamic stiffness, is widely used in ultra-low-frequency vibra-
tion isolation. It has been demonstrated that the QZS struc-
ture can generate large responses due to its nearly zero (i.e.
quasi-zero) dynamic stiffness near the static equilibrium posi-
tion. However, the QZS range for this GPEH is pretty limited,
resulting in no significant structural response improvement at
high wind speeds. To overcome this limitation, this paper pro-
poses a novel method that utilizes nonlinear positive stiffness
to counterbalance nonlinear negative stiffness, thus expand-
ing the quasi-zero-stiffness range. The content of this paper is
organized as follows: section 2 introduces the design method
for achieving an ultra-wide QZS range and presents the gov-
erning equations of the proposed system. Section 3 applies the
harmonic balance method (HBM) to derive the approximate
analytical solutions, followed by a comprehensive assessment
of the wind energy harvesting performance. Section 5 presents
experimental test results to validate the conclusions obtained
from the theoretical analysis.

2. Design of a magnetically quazi-zero-stiffness
GPEH

2.1. Ultra-wide QZS range design method

A conventional QZS galloping energy harvester QZS-GPEH,
as illustrated in figure 1(a), comprises a piezoelectric beam,
a bluff body attached to its free end, and a pair of mag-
nets producing repulsive forces. These magnets provide neg-
ative stiffness within a specific displacement range, counter-
balancing the positive stiffness of the piezoelectric beam. By
appropriately adjusting the magnet distance, the equivalent
stiffness of the entire system can be made zero at x = 0.
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Figure 1. Illustration of the two configurations of quasi-zero-stiffness galloping piezoelectric energy harvester: (a) QZS-GPEH, (b)
IQZS-GPEH.

This method is commonly used to achieve a QZS system,
which exhibits an exceptionally low resonant frequency com-
pared to its linear counterpart. Consequently, the displacement
response of the QZS system is typically much larger than
the linear ones. When the galloping phenomenon is induced,
the large displacement response, resulting from the QZS fea-
ture, significantly enhances the power output of the piezo-
electric transducer. This constitutes the primary advantage of
the QZS-GPEH. However, conventional QZS-GPEHs’ QZS
ranges are relatively narrow, meaning that the equivalent stiff-
ness increases rapidly with the displacement response. To fully
leverage the benefits of QZS, it is essential to broaden its
range.

To this end, this paper proposes an improved QZS (IQZS)
GPEH (IQZS-GPEH) with an extended QZS range. Figure 1
shows the structure of the proposed IQZS-GPEH and com-
pares its QZS feature with that of a conventional QZS-GPEH.
The main distinction between these two systems lies in the
specifically designedmagnet configuration. The proposed sys-
tem utilizes five magnets, whereas the conventional one uses
two. The detailed magnet configuration is depicted in figure 2.
The bottom two magnets (Magnets A and B, with a ver-
tical distance of D0) follow the same configuration as in the
conventional setup. The top three magnets have a different
arrangement. Specifically, Magnet C is mounted above the
piezoelectric beam, while Magnets D and E are positioned on
the two sides. The vertical and horizontal distances between

these magnets are D1 and s, respectively. This arrangement of
magnets generates the negative stiffness to balance the positive
stiffness at large displacements, thereby achieving QZS over
a wide range. Additionally, the equivalent stiffness near x = 0
remains close to zero due to the presence of the three top mag-
nets. Consequently, by incorporating these top magnets into
the setup of a conventional QZS-GPEH, QZS can be achieved
at both small and large displacements, significantly expanding
its effective range.

2.2. Mathematical modeling

Based on the linear assumption of electromechanical coupling
and elastic behavior, the lumped parameter model [15–19] of a
GPEH that consists of a piezoelectric beam with a bluff body
at its free end has been maturely developed and widely util-
ized. Based on this lumped parameter model, the governing
equations of the proposed GPEH can be written asMẍ+Cẋ+Kx+Fm+Fa− θv= 0

θẋ+Cpv̇+
v
R
= 0

(1)

where M, C, and K are, respectively, the equivalent
mass, damping coefficient, and stiffness of the GPEH. θ
is the electromechanical coupling coefficient; Cpp is the
clamped capacitance of the piezoelectric patch; x is the

3
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Figure 2. Magnets configuration for the proposed IQZS-GPEH.

displacement of the bluff body relative to the base; v is
the output voltage of the piezoelectric patch; Fm is the
force induced by magnetic interactions; Fa is the hori-
zontal component of the aerodynamic force acting on the
bluff body.

To obtain the aerodynamic force, the quasi-steady
assumption [25], in which the motion of the bluff body is very
slow compared to the motion of the wind, is employed. Under
the quasi-steady assumption, the aerodynamic force coeffi-
cients keep constant for a given angle of attack. Therefore, the

aerodynamic force Fa can be represented by

Fa =
1
2
ρLDU2

[
s1
ẋ
U

− s3

(
ẋ
U

)3
]

(2)

where L and D are the length and width of the bluff body. ρ is
the air density;U is the wind speed; s1 and s3 are the empirical
linear and cubic coefficients of the transverse galloping force,
which can be determined through CFD simulations.

To calculate the magnetic interaction force, the dipole-
dipole model is employed. Therefore, the potential energy
induced by Magnets A and B is

Ubottom =− µ0

4π

[
1

∥rBA∥32
mB− 3

mB · rBA
∥rBA∥52

rBA

]
·mB

=−µ0MAVAMBVB
4π

[
1(

x2 +D2
0

)3/2 − 3D2
0(

x2 +D2
0

)5/2
]
(3)

where µ0 is the vacuum permeability;mA andmB are magnetic
moment vectors of magnets A and B; rBA is the vector from the
center of magnet to that of magnet B; || ||2 is the L2-norm;MA

and MB are the magnitudes of mA and mB; VA and VB are the
volumes of magnets A and B.

For simplicity, all these magnets used in this paper share
the same size and magnetic properties, e.g. MA = MB = M0,
VA = VB = V0. Hence, we can define the below coefficient:

λ=
µ0M2

0V
2
0

4π
. (4)

The potential energy induced by the top three magnets is

UTop =−λ

 1(
(x+ s)2 +D2

1

)3/2
− 3D2

1(
(x+ s)2 +D2

1

)5/2
+

1(
(x− s)2 +D2

1

)3/2
− 3D2

1(
(x− s)2 +D2

1

)5/2

 . (5)

Thus, the overall energy induced by the five magnets can be obtained as

Um = Ubottom +Utop

=−λ

 1

(x2+D2
0)

3/2 −
3D2

0

(x2+D2
0)

5/2 +
1

((x+s)2+D2
1)

3/2 −
3D2

1

((x+s)2+D2
1)

5/2

+ 1

((x−s)2+D2
1)

3/2 −
3D2

1

((x−s)2+D2
1)

5/2

 . (6)

Then, the magnetic force can be derived from equation (6), yielding
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

Fm = Fbottom +Ftop

Fbottom =−λ

[
− 3x(

x2 +D2
0

)5/2 + 15xD2
0(

x2 +D2
0

)7/2
]

Ftop =−λ

− 3(x+ s)(
(x+ s)2 +D2

1

)5/2
+

15(x+ s)D2
1(

(x+ s)2 +D2
1

)7/2
− 3(x− s)(

(x− s)2 +D2
1

)5/2
+

15(x− s)D2
1(

(x− s)2 +D2
1

)7/2


. (7)

Substituting equations (2) and (7) back into equation (1), the governing equations of the proposed IQZS-GPEH can be
obtained as 

Mẍ+Cẋ+Kx+Fbottom +Ftop +
1
2
ρLDU2

[
s1
ẋ
U

− s3

(
ẋ
U

)3
]
− θv= 0

θẋ+Cpv̇+
v
R
= 0

. (8)

If the three magnets on the top side are removed, the system degrades to a conventional QZS-GPEH, and the governing
equations become

Mẍ+Cẋ+Kx−λ

[
− 3x(

x2 +D2
0

)5/2 + 15xD2
0(

x2 +D2
0

)7/2
]
+

1
2
ρLDU2

[
s1
ẋ
U

− s3

(
ẋ
U

)3
]
− θv= 0

θẋ+Cpv̇+
v
R
= 0

. (9)

2.3. Static analysis

For the conventional QZS GPEH, the system stiffness is zero
when x= 0. From equation (9), it is learned that at static equi-
librium, the system stiffness is

K−λ

[
− 3(

x2 +D2
0

)5/2 + 15D2
0(

x2 +D2
0

)7/2
]
= 0. (10)

Equation (10) suggests the condition for the magnetic dis-
tance D0 to satisfy the QZS requirement. To showcase the
IQZS characteristics, a comparisonwasmade between the pro-
posed IQZS system and the conventional counterpart using
the parameters listed in table 1. Figure 3 shows the potential
energy, restoring force, and equivalent stiffness of a traditional
QZS system. It is noted in figure 3(c) that the negative stiffness
attributed to the magnetic force counterbalances the positive
stiffness generated by the piezoelectric beam near x = 0. As a
result, the potential energy near x = 0 is flat (figure 3(a)), and
the equivalent stiffness is almost zero.

Inspired by the flat potential well, the novel methodology
to achieve QZS no longer relies on the zero-stiffness design.
Instead, it focuses on designing a flat potential well over a wide
range. Figure 4 illustrates the potential energy, restoring force,
and equivalent stiffness of the proposed IQZS system. First,
the bottom two magnets and the piezoelectric beam form a
typical monostable potential shape. The height of the potential
energy at x = d is

∆Ubottom = [Ubottom (x= d)+Ubeam (x= d)]

− [Ubottom (x= 0)+Ubeam (x= 0)]

=−µ0MAVAMBVB
4π

×

[
1(

d2 +D2
0

)3/2 − 3D2
0(

d2 +D2
0

)5/2 + 2

D3
0

]
+Kd2.

(11)

Meanwhile, the height of the potential energy generated by
the top three magnets at x = d is

∆Utop = Utop (x= d)−Utop (x= 0)

=−λ

 1(
(d+ s)2 +D2

1

)3/2
− 3D2

1(
(d+ s)2 +D2

1

)5/2

+
1(

(d− s)2 +D2
1

)3/2
− 3D2

1(
(d− s)2 +D2

1

)5/2


+λ

[
1(

s2 +D2
1

)3/2 − 3D2
1(

s2 +D2
1

)5/2
+

1(
s2 +D2

1

)3/2 − 3D2
1(

s2 +D2
1

)5/2
]
. (12)

To obtain a flat potential well, the potential energy at x = d
has to be zero, i.e.

5



Smart Mater. Struct. 34 (2025) 055018 C Lan et al

Figure 3. The conventional QZS system: (a) Potential Energy, (b) Restoring Force, (c) Equivalent Stiffness.

Figure 4. The proposed IQZS system: (a) potential energy, (b) restoring force, (c) equivalent stiffness.

∆Ubottom +∆Utop = 0. (13)

In the case of a large d, equation (13) can be used to
attain a flat potential well at large displacement (as shown
in figure 4(a)). Therefore, based on equation (13), one can
carefully tune the magnetic distance D1 and s to generate a
flat potential well over a wide range. Figure 4 compares the
potential energy and the equivalent stiffness of the conven-
tional and the proposed IQZ systems. The parameters used for
the calculation are listed in table 1. The displacement range in
which the equivalent stiffness is below a predefined threshold
(kc, close to zero) is assumed to correspond to the QZS range
[26]. In this study, kc is set to be 10 N m−1. As shown in
figures 3 and 4, the QZS range of the conventional system
spans from−1.8 mm to 1.8 mm, with a width of 3.6 mm, while
that of the proposed IQZS system extends from −4.66 mm to
4.66 mm, with a width of 9.32 mm. These results demonstrate
that the proposedmethod significantly enlarges theQZS range.

3. Analytical solution

3.1. Harmonic balance analysis

To obtain the approximate analytical solutions to the gov-
erning equations of the QZS-GPEHs, the HBM is employed.
However, due to the complex mathematical form of the mag-
netic forces, directly applying the HBM is not feasible. To
address this issue, the nonlinear magnetic forces are first

approximated using a series of polynomial functions,

Fm ≈ k1x+ k3x
3 + k5x

5 (14)

where k1, k3, and k5 are the coefficients of fitted restoring
forces, respectively. Given the parameters listed in table 1, the
restoring forces of the QZS- and IQZS-GPEHs can be com-
puted. The magnet distance of the QZS-GPEH D0 is set to
15 mm. For the IQZS-GPEH, the three distances are set as
D0 = D1 = 15 mm and s = 14 mm. Figure 5 compares the
fitted results with the ones calculated using the dipole-dipole
model. The results indicated that this fitting approximation
offers good accuracy.

Submitting equation (15) back into the original governing
equations (equation (8)) gives:
Mẍ+Cẋ+ k1x+ k3x3 + k5x

5 −
1

2
ρLDU2

[
s1
ẋ

U
− s3

(
ẋ

U

)3
]
− θv= 0

θẋ+Cpv̇+
v

R
= 0

.

(15)

Assume the solutions to equation (15) follow:{
x= asinωt+ bcosωt

v= a1 sinωt+ b1 cosωt
(16)

where ω is the angular frequency of the system, a and b are the
structural response constants, a1 and b1 are the output voltage
constants.
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Figure 5. Restoring forces calculated using the dipole-dipole model and their corresponding fitted results for the QZS-GPEH and
IQZS-GPEH.

First, substituting equation (16) into the second expression
of equation (15) and balancing harmonic terms yields

− θv=−cpẋ− kpx (17)

where kp and cp are the piezoelectric patch and circuit load-
induced electrical stiffness and damping, respectively. They
can be further expressed as:


cp =

θ2R

(CpωR)
2
+ 1

kp =
Cp(θRω)

2

(CpωR)
2
+ 1

. (18)

By substituting equations (16)–(18) into the first expres-
sion of equation (15), neglecting the high-order har-
monics and balancing the harmonic terms, we obtain


(
k1 −mω2 +

3
4
r2k3 +

5
8
k5r

4 + kp

)
b+

(
ωC−ω

1
2
ρLDUs1 +

3
8U

s3r
2ω3ρLD+ωcp

)
a= 0(

k1 −mω2 +
3
4
r2k3 +

5
8
k5r

4 + kp

)
a−

(
ωC−ω

1
2
ρLDUs1 +

3
8U

s3r
2ω3ρLD+ωcp

)
b= 0

(19)

where r is the response amplitude of the system, i.e.
r2 = a2 + b2.

Rearranging equation (19), we have
k1 −mω2 +

3
4
r2k3 +

5
8
k5r

4 + kp = 0

C− 1
2
ρLDUs1 +

3
8U

s3r
2ω2ρLD+ cp = 0

. (20)

By solving equation (20), the approximate solution of the
governing equations can be obtained.

3.2. Numerical verification

To verify the approximate solution, numerical simulations
were performed using parameters identified from experi-
ments, summarized in table 1. Two configurations, namely
the QZS-GPEH and the IQZS-GPEH, were investigated. Their
responses were numerically calculated using the Runge–Kutta
method.

It is important to note that the dipole-dipole model was
employed to represent magnetic interactions in the numer-
ical simulation, whereas the fitted restoring force was util-
ized in the analytical solution. Figure 6 presents a comparison
between the numerical and analytical results. Firstly, the cut-
in wind speed predicted by the analytical solution is approx-
imately 2.89 m s−1, which closely aligns with the numerical
result of 2.90 m s−1. This excellent agreement arises primarily
because the cut-in wind speeds of the two systems are mainly
determined by structural damping and exhibit minor sensitiv-
ity to the restoring force. Consequently, the approximation of
the restoring force has a negligible impact on the cut-in wind
speed in the analytical predictions.

As galloping occurs, both the QZS-GPEH and the IQZS-
GPEH conduct limit-cycle oscillations, with the response
amplitude increasing monotonically as wind speed rises. It
is evident that the analytical predictions are consistently
lower than the numerical simulations for both configurations.
This discrepancy becomes more pronounced as wind speed
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Table 1. Common parameters for the QZS-GPEH and the IQZS-GPEH.

Parameters Values Parameters Values

Effective mass, M [g] 11.71 Height of bluff body, L
[m]

0.12

Effective stiffness, K
[N m−1]

64.59 Width of bluff body, D
[m]

0.035

Damping ratio, ξ 0.0174 Vacuum permeability,
µ0

4π × 10−7

Damping, C [N·s m−1] 0.303 Magnetization of
magnets MA, MB

0.915 × 106

Electromechanical
coupling θ, [µN/V]

54.84 Volume of magnets, VA,
VB [mm3]

108π

Coefficients of the
transverse galloping
force, s1 and s3

4.34,
86.9

Air density, ρ [kg m−3] 1.225

Coefficients of Fm
(QZS-GPEH), k1, k3, k5

4.488
5.988× 105

–2.212 × 109

Coefficients of Fm
(IQZS-GPEH), k1, k3, k5

3.036
9.247× 104

5.106× 108

Figure 6. Analytically and numerically calculated open-circuit voltage outputs from the (a) QZS-GPEH, (b) IQZS-GPEH.

increases. For example, the voltage discrepancy of the QZS-
GPEH is 1.12 V at U = 3.3 m s−1 and increases to 1.30 V
at U = 3.6 m s−1, resulting in an increase of 175.70 mV in
the discrepancy. Similarly, for the IQZS-GPEH, the voltage
discrepancy between the numerical and analytical results is
1.401 V at U = 3.3 m s−1 and increases to 1.81 V at
U = 3.6 m s−1. This discrepancy is likely due to the approx-
imations inherent in the HBM. Specifically, according to
equation (16), only the fundamental harmonic is considered in
the analytical solution, while higher-order harmonics are neg-
lected, leading to a reduction of the predicted response amp-
litude. To improve the accuracy of the analytical prediction,
it would be reasonable to incorporate higher-order harmon-
ics into equation (16), although this would increase the com-
plexity of the analytical derivation. However, for a quantitat-
ive assessment of the potential advantages of the IQZS-GPEH
over the conventional QZS-GPEH, such an approximation in
equation (16) remains acceptable.

4. Wind energy harvesting performance

4.1. Dynamic responses

To evaluate the potential advantages of the proposed
IQZS-GPEH, a comparative analysis was conducted. Figure 7
depicts their dynamic responses versus the wind speed. It is
observed that the cut-in wind speeds of these two systems
are nearly identical, with Ucut-in ≈ 2.8 m s−1. This similarity
arises because the cut-in wind speed is mainly governed by
structural damping rather than stiffness. Once the wind speed
exceeds about 2.8 m s−1, both systems exhibit large-amplitude
oscillations. Notably, the displacement response of the IQZS-
GPEH is significantly larger than that of the QZS-GPEH.
For instance, figures 8(a) and (d) compare the displacement
responses of the two systems at wind speeds ofU = 3.2 m s−1

and U = 3.6 m s−1, respectively. At U = 3.2 m s−1, the
displacement response of the QZS-GPEH is 7.48 mm, while
that of the IQZS-GPEH is 10.25 mm, representing a 37.03%
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Figure 7. Dynamic responses comparison of QZS-GPEH and IQZS-GPEH: (a) displacement, (b) open circuit voltage.

Figure 8. Responses of the QZS-GPEH and IQZS-GPEH at different wind speeds: (a) Open-circuit voltage, U = 3.2 m s−1, (b) Phase
diagram, U = 3.2 m s−1, (c) Frequency spectrum, U = 3.2 m s−1, (d) Open-circuit voltage, U = 3.6 m s−1, (e) Phase diagram,
U = 3.6 m s−1, (f) Frequency spectrum, U = 3.6 m s−1.

increase. The open-circuit voltages of the QZS-GPEH and
IQZS-GPEH are 17.75 V and 25.39 V, respectively, indicating
a 43.04% improvement. At U = 3.6 m s−1, the displacement
response of the QZS-GPEH is 9.39 mm, whereas that of
the IQZS-GPEH is 12.31 mm, showing a 31.1% increase.
The open-circuit voltages of QZS-GPEH and IQZS-GPEH
are 22.30 V and 29.16 V, respectively, corresponding to a
30.76% improvement. Therefore, it can be concluded that the
IQZS-GPEH exhibits superior performance compared to the
QZS-GPEH at low wind speeds, highlighting its significant
potential for enhancing low-speed wind energy harvesting.

Figure 8 compares the open-circuit voltage responses and
phase diagrams of the two systems at different wind speeds.
For the conventional QZS-GPEH, it generates approxim-
ately 17.70 V and 22.30 V at wind speeds of 3.2 m s−1

and 3.6 m s−1, respectively. At these same wind speeds,
the IQZS-GPEH produces 24.20 and 29.15 V, respectively,

demonstrating a significant improvement.Moreover, the phase
diagrams in figures 8(b) and (e) reveal that the displace-
ment responses of the IQZS-GPEH are markedly enhanced,
while the velocity responses of both systems remain closely
matched. According to the governing equation (the second
expression of equation (15)), the output voltage is primarily
determined by the displacement response for large resistances.
In contrast, for small resistances, the velocity has a more dom-
inant effect than the displacement. Therefore, it can be anti-
cipated that the voltage enhancement provided by the IQZS-
GPEH will be more pronounced under high load resistance
conditions. Besides, the response frequencies of the two sys-
tems at U = 3.2 m s−1 and U = 3.6 m s−1 are compared in
figures 8(c) and (f). It is clearly shown that the IQZS-GPEH
exhibits a lower response frequency than the conventional
QZS-GPEH, which is attributed to the stiffness reduction res-
ulting from the IQZS configuration.
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Figure 9. RMS voltage and power of the QZS-GPEH and IQZS-GPEH at U = 3.6 m s−1: (a) RMS voltage, (b) Power.

Figure 10. Power outputs of the QZS-GPEH and IQZS-GPEH versus the wind speed U: (a) QZS-GPEH, (b) IQZS-GPEH, (c) peak power
amplitudes.

4.2. Power performance

This section compares the power performance of the two sys-
tems. Figure 9 illustrates the RMS voltage and power out-
puts of both systems at a wind speed of U = 3.6 m s−1. It
is observed that as resistance increases, both the RMS voltage
and the voltage difference between the two systems gradually
increase. Notably, at small resistance loads, the RMS voltage
difference is nearly zero, whereas, at large resistance loads, the
IQZS-GPEH generates significantly higher RMS voltage out-
puts. Similarly, at small resistances, the power outputs of both
systems are almost identical, and the IQZS-GPEH delivers

higher power output at higher resistances. This observation
aligns with the prediction from the structural response com-
parison in figure 8, which predicted that the advantages of the
IQZS-GPEH would become more pronounced at higher res-
istance loads. Additionally, the peak power of the QZS-GPEH
is 130.45 µW, and that of the IQZS-GPEH reaches approxim-
ately 165.57 µW, representing a 26.92% improvement.

Subsequently, the influences of wind speed on power out-
puts are investigated. Figures 10(a) and (b) illustrate the power
outputs of the QZS-GPEH and IQZS-GPEH as wind speed
increases from 3.0 m s−1 to 5.8 m s−1 at an increment of
0.2 m s−1. It is evident that for both systems, higher wind
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Table 2. Characteristics of the two systems at varying wind speeds.

QZS GPEH U [m s−1] 3.2 3.4 3.6 3.8 4.0 4.2 4.4
Roptimal [kΩ] 1200 900 900 900 800 800 800
Pmax [µW] 62.75 97.25 130.45 164.17 199.68 236.29 274.05
f [Hz] 6.97 7.74 8.27 8.69 9.04 9.33 9.59
U [m s−1] 4.6 4.8 5.0 5.2 5.4 5.6 5.8
Roptimal [kΩ] 800 700 700 700 700 700 600
Pmax [µW] 313.13 354.67 398.80 444.13 492.06 541.64 592.43
f [Hz] 9.81 10.01 10.19 10.35 10.49 10.61 10.73

IQZS
GPEH

U [m s−1] 3.2 3.4 3.6 3.8 4.0 4.2 4.4
Roptimal [kΩ] 1400 1400 1200 1200 1200 1000 1000
Pmax [µW] 78.00 122.5 165.57 208.61 250.23 293.67 339.67
f [Hz] 4.89 5.67 6.27 6.77 7.19 7.55 7.89
U [m s−1] 4.6 4.8 5.0 5.2 5.4 5.6 5.8
Roptimal [kΩ] 1000 1000 1000 900 900 800 800
Pmax [µW] 386.18 433.32 484.10 537.33 589.72 644.17 701.07
f [Hz] 8.2 8.47 8.74 8.97 9.19 9.38 9.56

speeds result in greater output power. In addition, one notes
that the power peak shifts from high resistance to low resist-
ance with increasing wind speed. Figure 10(c) directly plots
the peak power amplitudes and power differences between
the two systems at various wind speeds. It clearly shows that
the IQZS-GPEH generates more power than the conventional
QZS-GPEH, with the power enhancement increasing as wind
speed rises. For instance, at U = 3.6 m s−1, the peak power
of the IQZS-GPEH is 165.57 µW, compared to 130.45 µW
of the QZS-GPEH, representing a 35.12 µW increase. At
U = 5.0 m s−1, the peak power of the IQZS-GPEH reaches
484.10 µW, while that of QZS-GPEH is 398.8 µW, indicat-
ing an 85.30 µW improvement. Therefore, it has been verified
through numerical simulation that expanding the QZS region
is an effective method for enhancing the power outputs of
QZS-based GPEHs.

Table 2 further reveals the relationships among the optimal
resistance, power outputs, and response frequencies of the two
systems as the wind speed increases. For both the QZS-GPEH
and IQZS-GPEH, the influences of wind speed on power per-
formance follow a similar trend: higher wind speed leads to
lower optimal resistance, higher power output, and higher
response frequency. For instance, as wind speed increases
from 3.2m s−1 to 5.8m s−1, the optimal resistance of theQZS-
GPEH decreases monotonically from 1200 kΩ to 600 kΩ,
while that of the IQZS-GPEH decreases from 1400 kΩ to
800 kΩ. At any given wind speed, the optimal resistance of
the IQZS-GPEH is consistently higher than that of the con-
ventional QZS-GPEH. Meanwhile, the response frequency of
the IQZS-GPEH is consistently lower than that of the QZS-
GPEH, which is attributed to the substantial reduction in
structural stiffness achieved through the IQZS configuration.
Furthermore, for a general galloping energy harvester shunted
to a resistive load, its optimal resistance is inversely propor-
tional to the response frequency [27], which explains why the
optimal resistance decreases as wind speed increases.

5. Experimental validation

5.1. Experiment setup

The experimental prototype used in this study is shown in
figure 11. The aluminum cantilever beam has dimensions of
Lb ×Wb ×Hb = 200 mm× 25 mm× 0.7 mm. The piezoelec-
tric sheet PZT-5 has dimensions of 30mm× 20mm× 0.4mm,
as illustrated in figure 11(b). Magnets are installed above and
below the bluff body. By modifying the number of magnets
on the fixture, we can obtain either the QZS-GPEH or the
IQZS-GPEH.

The wind tunnel experiments were conducted in a large
silent circulating wind tunnel (as shown in figures 11(e) and
(f)) with a test section size of 5.5 m × 1.5 m × 1.0 m, where
the wind velocity nonuniformity is less than 0.5%. The wind
speed U is measured using a pitot tube and can be adjusted
by varying the frequency f of the draft fan, following the rela-
tionship U = 0.87 f—0.038. The experimental setup includes
the installation of the prototype in the wind tunnel. The output
voltage generated by the prototype is measured using a dual-
channel digital oscilloscope (Analog Discovery 2), while the
displacement is gauged using a high-resolution laser displace-
ment sensor (SG6150).

Based on the lumped parameter modeling approach for can-
tilever beam harvesters [28, 29], the equivalent mass can be
approximated by the formula M = (33/140)mb + mt, where
mb is the distributed mass of the cantilever beam, and mt is
the total mass of the bluff body, tip magnets and 3D printed
fixture at the free end. The resonant frequency of the GPEH
can be determined by measuring the displacement response.
Consequently, the equivalent stiffness K can then be calcu-
lated. Then, a free decay test [30] was conducted to determine
the damping ratio ξ and structural damping coefficient C. The
electromechanical coupling coefficient θ can be determined by
measuring the short circuit current at the resonant frequency
[28]. All the identified parameters are listed in table 1.
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Figure 11. The overview of the experiment setup: (a) the prototyped GPEH; (b) the side view of the GPEH prototype; (c) the enlarged view
of the upper magnet configuration; (d) the enlarged view of the lower magnet configuration; (e) the test section of the wind tunnel; (f) the
implementation of the GPEH in the wind tunnel.

5.2. Experiment results

Figure 12 shows the open-circuit voltage of the QZS-GPEH
and IQZS-GPEH measured in the experiment. It is found that
the experimental results agree well with numerical simula-
tions. The cut-in wind speed of the QZS-GPEH identified in
the experiment is 2.92m s−1, which is very close to the numer-
ically predicted result (2.8 m s−1). For the IQZS-GPEH, the
experimental cut-in wind speed is 2.746 m s−1, slightly lower
than the numerical result of 2.8 m s−1. In the experiment, the
cut-in wind speeds of the two systems are slightly different.
However, the cut-in wind speeds are almost identical in the
numerical simulation. This is because damping is treated as a
fixed parameter in the simulation for simplicity. In practice,
adjustments to structural stiffness brought by the IQZS con-
figuration may subtly influence the effective damping, result-
ing in minor variations in cut-in wind speed observed in the
experiments.

When the wind speed exceeds the cut-in wind speed,
both experimental and numerical results show that the open-
circuit voltage of the IQZS-GPEH is higher than that of the
conventional QZS-GPEH. For example, at wind speeds of
3.094 m s−1, 3.268 m s−1, 3.442 m s−1, 3.616 m s−1, the
open-circuit voltages of the IQZS-GPEH and QZS-GPEH are
17.42 V, 19.16 V, 21.17 V, 22.91 V and 22.15 V, 25.51 V,
28.46 V, 29.89 V, respectively. The corresponding voltage
improvements at the four wind speeds are 4.73 V, 6.35 V,
7.29 V, and 6.98 V. All these results validate that the proposed
IQZS-GPEH can significantly improve the energy harvesting
performance.

Subsequently, the effects of the load resistance on the power
outputs at different wind speeds were experimentally invest-
igated. Figure 13 presents the RMS power of both systems at
U = 3.6 m s−1. As the resistance load increases, the RMS
power initially rises to a peak value at a specific resistance and
then decreases with further increases in resistance. Notably,
the RMS power of the IQZS-GPEH is consistently higher than
that of the QZS-GPEH. The relationship between resistance
and RMS power for these two systems is in good agreement
with numerical simulations.

At small resistance loads, the power difference between
the two systems is relatively small. For instance, when
RL = 100 kΩ, the RMS power outputs of the QZS-GPEH and
IQZS-GPEH at U = 3.6 m s−1 are 29.51 µW and 44.0 µW,
respectively, corresponding to a power difference of approx-
imately 14.49 µW.When RL increases to 1000 kΩ, their RMS
power outputs become 116.15 µW and 145.42 µW, respect-
ively, with the power difference increasing to 29.27 µW. These
experimental results firmly validate that the advantage of the
IQZS-GPEH becomes more pronounced at higher resistance
loads.

As the wind speed increases to 5.0 m s−1, the power char-
acteristics of both systems remain similar, with each display-
ing a single power peak. But, the proposed IQZS-GPEH con-
sistently generates higher power than the conventional QZS-
GPEH. Specifically, at U = 3.6 m s−1, the peak power amp-
litudes of the QZS-GPEH and IQZS-GPEH are 117.70 µW
(900 kΩ) and 145.42 µW (1000 kΩ), respectively, with a
power improvement of approximately 27.72 mW (23.55%).
At U = 5.0 m s−1, their peak power amplitudes increase to
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Figure 12. Open-circuit voltage outputs of the QZS-GPEH and IQZS-GPEH versus the wind speed U.

Figure 13. The power outputs of the QZS-GPEH and IQZS-GPEH with the increase of wind speed U: (a) QZS-GPEH, (b) IQZS-GPEH.

585.68 µW (700 kΩ) and 911.54 µW (700 kΩ), respectively,
with a power improvement of approximately 325.86 mW
(55.64%). The enhanced power generation of the IQZS-GPEH
over the QZS-GPEH becomes particularly evident as wind
speed increases.

Overall, the experimental results have demonstrated and
proven that the proposed IQZS-GPEH significantly improves
voltage response and overall energy harvesting performance
compared to the conventional QZS-GPEH.

6. Conclusion

This paper has proposed a flat potential-well tuning method
and applied it in designing a QZS GPEH. This method allows
the QZS property to be extended into the large displacement
region, thereby significantly expanding the QZS region. The
governing equations of the IQZS-GPEH (IQZS-GPEH) were
established, and a static analysis was conducted to showcase
the QZS region of the IQZS-GPEH and compare it with that
of the conventional QZS-GPEH. The HBM was employed

to derive approximate analytical solutions. Numerical simu-
lations were performed to verify the approximate solutions
and investigate the dynamics and energy harvesting perform-
ance of both systems. Wind tunnel experiments were car-
ried out to validate the results from theoretical analyses and
numerical simulations. The key findings are summarized as
follows:

(1) It is revealed that the proposed method can effectively
enlarge the QZS region, resulting in a significant improve-
ment in dynamic responses and voltage outputs. For
example, at U = 3.6 m s−1, the open-circuit voltage
increased from 22.30 V to 29.16 V, achieving a 30.76%
improvement.

(2) The extension of the QZS region can remarkably improve
the displacement amplitude while having a minimal
impact on the velocity. As a result, the IQZS-GPEH
demonstrates a clear energy harvesting advantage over the
conventional QZS-GPEH at large resistance loads.

(3) With the wind speed increases, the enhanced power out-
put of IQZS-GPEH also rises. As the wind speed increased
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fromU = 3.6 m s−1 toU = 5.0 m s−1, the power improve-
ment increased from 23.55% to 55.64%.

In summary, broadening the QZS region is a practical
approach to enhancing the performance of QZS-based gallop-
ing energy harvesters. The work offers a valuable framework
for designing more advanced wind energy harvesting systems.
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